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Preface

The goal of this book is to investigate the behaviour of weak solutions to the elliptic
transmisssion problem in a neighborhood of boundary singularities: angular and
conic points or edges. We consider this problem both for linear and quasi-linear
(very little studied) equations. In style and methods of research, this book is close
to our monograph [14] together with Prof. V. Kondratiev.

The book consists of an Introduction, seven chapters, a Bibliography and
Indexes. Chapter 1 is of auxiliary character. We recall the basic definitions and
properties of Sobolev spaces and weighted Sobolev-Kondratiev spaces. Here we
recall also the well-known Stampacchia’s Lemma and derive a generalization for
the solution of the Cauchy problem — the Gronwall-Chaplygin type inequality.

Chapter 2 deals with the eigenvalue problem for m-Laplace-Beltrami oper-
ator. By the variational principle we prove a new integro-differential Friedrichs-
Wirtinger type inequality. This inequality is the basis for obtaining of precise
exponents of the decreasing rate of the solution near boundary singularities.

Chapter 3 deals with the investigation of the transmission problem for linear
elliptic second order equations in the domains with boundary conic point.

Chapter 4 is devoted to the transmission problem in conic domains with N
different media for an equation with the Laplace operator in the principal part.

Chapters 5, 6 and 7 deal with the investigation of the transmission problem
for quasi-linear elliptic second order equations in the domains with boundary conic
point (Chapters 5-6) or with an edge at the boundary of a domain.

All results are given in the book with complete proofs. The book is based on
the author’s research he had made over the past years (see [8, 9, 10, 11, 12, 13]).

I would like to express my gratitude to Dr. Mikhail Kolev from University
of Warmia and Mazury in Olsztyn who improved my English and Dr. Mykhaylo
Plesha from Lviv (Ukraine) who executed figures in TEX. It also should be men-
tioned that the work on the book was made possible by the support of the Polish
Ministry of Science and Higher Education through Grant Nr N201 381834. This
help is gratefully acknowledged.

Olsztyn, Poland

Spring 2010



Introduction

Transmission problems appear frequently in various fields of physics and technics.
For instance, one of the important problems of the electrodynamics of solid media
is the research on electromagnetic processes in ferromagnetic media with differ-
ent dielectric constants. This type of problem appears as well in solid mechanics
if a body consists of composite materials. Let us mention also vibrating folded
membranes, composite plates, folded plates, junctions in elastic multi-structures
etc.

In this work we obtain estimates of the weak solutions to the elliptic trans-
mission problem near singularities on the boundary (conical boundary point or
edge). Analogous results were established in [14] for the Dirichlet, mixed and
Robin problems in domains with singularities on the boundary without interfaces.

Many mathematicians have considered transmission problems for linear el-
liptic equations. For the first time, M. Schechter [65], O.A. Oleinik [61], V.A. I'in
[31], O.A. Ladyzhenskaya and N.N. Ural’tseva [43|, Z.G. Sheftel [66], M.V. Borsuk
[6] studied general interface problems for linear second-order elliptic operators in
smooth domains. V.A. I’in and I.A. Shishmarev [31, 32] investigated the classical
solvability of the Dirichlet and Neumann problems for general (non-divergence) lin-
ear elliptic second-order equations with discontinuous coefficients. They used the
potential method. Van Tun [69] extended their results and established Schauder
estimates. M. Schechter [65], O.A. Oleinik [61] as well as O.A. Ladyzhenskaya and
N.N. Ural’tseva [43] (see also [44]) investigated the weak solvability of the Dirich-
let transmission problem for divergence linear elliptic second-order equations and
established the smoothness of weak solutions near the interface. Z.G. Sheftel [66]
extended the S. Agmon, A. Douglis and L. Nirenberg results [1] to general bound-
ary value problems for elliptic equations of any order. M.V. Borsuk [6] derived ex-
act Schauder estimates of solutions to the transmission problem for general linear
elliptic second-order equations with the third boundary condition. The exactness
of these estimates consists in their explicit dependence on the smoothness of coeffi-
cients in estimating constants. A. Lorenzi [50] proved an existence and uniqueness
theorem for solutions in W2P(R™) of second-order linear elliptic equations, whose
coefficients are constant-valued in the half-spaces R’} and R”. M. Costabel and
E. Stephan [21] applied a direct boundary integral equation method for transmis-
sion problems.

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 1
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_1, © Springer Basel AG 2010



2 Introduction

Starting in the 1970s many mathematicians have studied linear transmission
problems in non-smooth domains in some particular linear cases (see for example
[15, 16, 17, 19, 51, 53, 54, 55, 56] and references cited in [58, 59]). T. Peters-
dorf [62] proved an existence and uniqueness theorem for solutions in W'(G),
where G is the number of adjacent Lipschitz domains, of the transmission prob-
lem for the homogeneous Helmholz equation: he reduced the transmission prob-
lem to a system of boundary integral equations. R. Kellogg [35, 36, 37, 38|, Ben
M’Barek and M. Merigot [3], K. Lemrabet [45], M. Dobrowolski [24] investigated
the behavior of solutions of the transmission Dirichlet and Neumann problems
for the Laplace operator in a neighborhood of an angular boundary point of a
plane-bounded domain. K. Lemrabet [46] studied also the case of bounded three-
dimensional domains. H. Blumenfeld [5] studied the regularity of solutions of the
mixed transmission problem in a polygon and derived the approximate solution
by the finite element method. M. Dauge and S. Nicaise [22, 23, 58] extended some
of the V. Kondratiev—V. Maz’ya—P. Grisvard classical results, concerning the sin-
gular behavior of the weak solution of a boundary value problem in a non-smooth
domain, to the transmission problems for the Laplace operator with oblique deriva-
tive boundary and interface condition on a two-dimensional polygonal topological
network: they obtained index formulae, a calculation of the dimension of the ker-
nel, an expansion of weak solutions into regular and singular parts and established
higher regularity results. L. Escauriaza, E. Fabes, G. Verchota [27] investigated
the regularity for weak solutions to transmission problems in plane domains with
internal Lipschitz boundaries. The H 1+411—regularity result for the Laplace inter-
face problem in two dimensions was obtained by M. Petzoldt [63]. General linear
two- or three-dimensional interface problems in polygonal and polyhedral domains
were considered by S. Nicaise, A.-M. Séndig in [59]: they studied the solvability,
the regularity and the solution asymptotics in weighted Sobolev spaces. They
investigated also [60] the regularity and boundary integral equations for two- or
three-dimensional transmission problems with the Laplace and elasticity operators
(see also the overview by D. Knees—A.-M. Séndig [40]). Regularity results in terms
of weighted Sobolev-Kondratiev spaces were obtained as well by W. Chikouche,
D. Mercier and S. Nicaise [19] for two- and three-dimensional transmission prob-
lems for the Laplace operator using a penalization technique. D. Kapanadze and
B.-W. Schulze studied boundary-contact problems with conical [33] singularities
and edge [34] singularities at the interfaces for general linear, any order, elliptic
equations (as well as systems). They constructed parametrices and showed the
regularity with asymptotics of solutions in weighted Sobolev-Kondratiev spaces.

Concerning the transmission problem for quasi-linear elliptic equations we
know a few works. At first the quasi-linear transmission problem was investigated
only in smooth domains. M.V. Borsuk [6] and then V.Ja. Rivkind-N.N. Ural’tseva
[64] proved the classical solvability of the transmission problem for quasi-linear
elliptic second-order equations with co-normal derivative boundary and interface
conditions. Later N. Kutev—P.L. Lions [41] investigated the transmission prob-
lem for general uniform elliptic second-order equations with Dirichlet boundary
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condition. They proved by the regularization method the existence and the unique-
ness of C'(G)NC(G)— solutions with appropriate conditions on the nonlinearities
and the regularity on each side of the interface.

We know only two papers, namely that by D. Knees [39] and by C. Ebmeyer,
J. Frehse and M. Kassmann [26], which are concerned with the study of the regu-
larity of weak solutions of special quasi-linear transmission problems on polyhedral
domains. In particular, the regularity in the Nikolskii spaces up to the transmis-
sion surface and the boundary for the Dirichlet transmission problems are proved
in [26].

A principal new feature of our work is the consideration of our estimates of
weak solutions to the transmission problem for linear elliptic equations with min-
imal smooth coefficients in n-dimensional conic domains. Our examples demon-
strate this fact. Moreover we consider the estimates of weak solutions for general
divergence quasi-linear elliptic second-order equations in n-dimensional conic do-
mains or in domains with edges. We shall study the following elliptic transmission
problems:

e for the linear transmission problem

Llu] = 8‘; (0¥ (z)ug,) + a'(z)ug, + a(z)u = f(z), x€G\ o;
[ulg, =0, Sl =[G], + g0 (|i|) u(z) = h(z), =€ o; (L)
B[U]E‘SZJFQW(‘Q)U:Q(:B), xE@G\{EOUO};

e for the Laplace operator with N different media and mixed boundary condi-

tion
N-1
alsu - pu(a) = f(z), rec\ 0" sy
[u]zk =0, T € Xy,
Slul = [a2n] L B@la) = hi(e), k=1 N1 (LN)
_ ou 1 N-1
Blu] = a(z) - agy + |, v(w)u(z) = g(z), x € 0G \ Y YrUO,,
if D
where a > 0, p > 0; afz) = 0, 1 ve and D C 9G is the part of the
1, ifx¢D

boundary OG where we consider the Dirichlet boundary condition;
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e for weak nonlinear equations

—dd (Jul?a™ (z)uz,) + b(z,u, Vu) =0, ¢>0, z€G\p;

Ly
[U]E = Oa

0 (waQL)
Sul = [52]5, + o (5) w-lul? = hw.w). x € o;
Blul= 30+ Ly (7)) we lult = gl w), r€9G\ {SUO};

here ¢ > 0; if ¢ = 0 and b(x,u, Vu) = a*(z)uy, + a(z)u — f(z) then we have
linear transmission problem (L);

e for general elliptic divergence quasi-linear equations

d
fdx‘ai(x,u,Vu)—Fb(x,u,Vu):O, z € G\ Xo;
[U]EO =0,
(QL)
Sl = (355, + b () we b2 = hiaw), € S
Bl = 32+ oy (i) w2 =g, 2 €GN (U0

e and for elliptic divergence quasi-linear equations with triple degeneration

- diai(x,u, Vu)+b(x,u, Vu)+tagce(z,u)=f(z), =€ G\ Xo;

dx
[uls,, =0, T € Yo;
Slu] = [aai(x,u,Vu)ni]Eo (TDQL)
+ Bor™ T ylulit 2 = h(x, u), x € Yo;

Blu] = aa’(x,u, Vu)n;
+ y(w)rT My |yt ™2 = g(2,u), x € 0G\ {3ZgUTy},

where ¢ >0, m>1, a>0, ap >0, By >0, 7 > m — 2 are given numbers

and Yo contains an edge T'y.

Summation over repeated indices from 1 to n is understood; here everywhere 83,/

denotes the conormal derivative operator.



Chapter 1

Preliminaries

1.1

List of symbols

Let G C R™, n > 2 be a bounded domain with boundary G that is a smooth
surface everywhere except at the origin O € 90G and near the point O it is a
conical surface with vertex at 0. We assume that G = G4 U G_ U Xg is divided
into two subdomains G and G_ by a ¥y = G N {x,, = 0}, where O € %y. Let us
fix some notation used throughout the work:

[[] — the integral part of I (if [ is not integer);

R — the set of real numbers;

R, — the set of positive numbers;

R™ — the n-dimensional FEuclidean space, n > 2;
N — the set of natural numbers;

No = NU {0} — the set of non-negative integers;
871 — a unit sphere in R™ centered at O;

(ryw),w = (w1,ws,...,wn_1) — spherical coordinates of z € R™ with pole O:
T1 = TCOSwi, Toa = rcoSwssSinwi,...,Tp_1 = TCOSWy_1SINWy_9...Si0wr,
Ty, =TrSiNw,_1Sinw,_9...sinws;

C — a rotational cone {z; > rcos %’} with the vertex at O;
JC — the lateral surface of C : {x1 = rcos % };

Q) — a domain on the unit sphere S"~! with smooth boundary 652 obtained
by the intersection of the cone C with the sphere S™~!;

80 = aC N S
Gl ={(rw)|0<a<r<bwecQ}NG - alayer in R";

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 5
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_2, © Springer Basel AG 2010



6 Chapter 1. Preliminaries

e I ={(rw)|0<a<r<bwedN}NAIG — the lateral surface of layer G%;
e Gu=G\GY Ty=0G\T¢, d> 0;

e X =GN {x, =0} CSp; Zg=30\2g d>0;

¢ Q,=Gin{lz[=p}; 0<p<d

e Oy =0n{z, >0}, Q- =0n{z, <0} = Q=0 UQ_ Uoy;

e 0g=XoNY; 0:Q =01 NAC; 00+ = 0+Q U oy;

o GW =Gt k=0,1,2,..
° ’U,(.l?) — u+(x), HAS G+7 f(l') — f+(l'), HAS G+7 ete.;
u_(x), ze€G_; fo(x), zeG_

e [u]y, denotes the saltus of the function u(x) on crossing Xy, i.e.,
[u]s, = u+(:c)’20 —u_(x)’EO, where ui(:c)’&]: Giazl;linreEo ut(y);

o n; = cos(ﬁ, 7;),i=1,...,n, where 7 denotes the unit outward vector with
respect to G4 (or G) normal to 3y (respectively 9G \ O).

1.2 Operators and formulae related to spherical
coordinates

Let us recall first some well-known formulae related to the spherical coordinates
(rywi,...,wn_1) centered at the conical point O:

dr = r""tdrdQ, dQ, = p" tdQ, (1.2.1)

dQ = J(w)dw denotes the (n — 1)-dimensional area element of the unit sphere,
where

J(w) =sin" 2wy sin" P wy ... sinw, g,

dw=dwi...dw, 1,

ds = r"~2drdo denotes the (n—1)-dimensional area element on OC and do denotes
the (n — 2)-dimensional area element on 99;

2 ou 2 1 2
|Vu|” = By +7‘2 |Voul, (1.2.4)
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O

Figure 1

where |V,u| denotes the projection of the vector Vu onto the tangent plane to
the unit sphere at the point w:

ku:{ 1 8u7”.7 1 ou }7 (1.2.5)
V@1 Owy VGn—1 Own—1

2 — 1 ou 2 . . 2 .
|Voul” = Z , where s =1, ¢; = (sinw; -+ -sinw; 1), © > 2,

— qi \Ow;
2 -1 1
Au = O + " Ou + _A,u, denotes the Laplace operator,
or? r or 12
n—1 n—1
1 0 ,J(w) Ou 1 ko) i1 Ou
Aw = . — ) n—i ;
T Jw) ; o g o) ; g sin" "1 w; Aw; (Sm s

(1.2.6)

denotes the Beltrami-Laplace operator,
1 S0 [(JWw)
div,u = (

J(w) pt Ow; \ ai uz) s U= (U1, ., Up—1). (1.2.7)
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Lemma 1.1. Assume for some d > 0 that G¢ is the rotational cone with the vertex
at O and the aperture wy, and let

n
d Wo wo
Iy = {(r,w)‘x% = cot? ) ;xf, lwi] = g W0 E (O,27r)}. (1.2.8)
Then w
i cos(i, @) |pa = 0, and cos(it, x1)|ps = —sin 20. (1.2.9)
Proof. By virtue of (1.2.8) we can rewrite the equation of I'¢ in the form F(z) =
n oOF
x} — cot> P 3" x7 = 0. We use the formula cos(7, z;) = ‘%’}‘, Vi =1,...,n.
i=2
Because of gfl =2z, gf = —2cot? ‘Dwxi, Vi=2,...,n, we obtain
. 1 OF 2 ) 5 W0 N o
x; cos(m, x; = T; = x7] — cot 7 =0.
7 ( Z)|Fg |VF‘ laxi Fg |VF‘ ( 1 92 ; i Fg
Furthermore from
OF\? <[ 0F\? Wo —
2 _ _ 2 4 %0 2
|VF| _<8x1> +Z<8xi) _4<:c1+cot 9 le>
=2 1=2
2 wo 2
cos 4
= |VFP| =da? (14,2 )= 51,
rd sin® ) sin® )
we get
sin “° w
cos(7i, x1) s = —2x; 2:512 = —sin 20, since Z(7,x1) > 72r O

1.3 The quasi-distance function r. and its properties

Let us assume that the cone K is contained in a rotational cone C with the
opening angle wg. Furthermore, let us suppose that the axis of C coincides with
{(%1,0,...,0) : 21 > 0}. In this case we define the quasi-distance r.(z) as follows.
We fix the point Q = (—1,0,...,0) € S"~!\ Q and consider the unit radius-vector
[=0Q = {-1,0,...,0}. We denote by 7 the radius-vector of the point = € G
and introduce the vector 7. = 7 — el for each ¢ > 0. Since £l ¢ G2 for all € €]0,d|,
it follows that r.(z) = |F — el] # 0 for all 2 € G. It is easy to verify that r.(z) has
the following properties (see in detail §1.4 [14]):

1. there exists h > 0 such that: r-(x) > hr and r.(x) > he, Yz € G, where

h:{l’ folzoa

W . )
sin Y, if wp < 0;
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2. if v € Gq, then re(z) > 4 for all £ €]0, [;

3. lim r.(z) =7, for all z € G;
e—0*+

4. |Vrel? =1, and Ar. = "1,

Te

1.4 Function spaces

We use the standard function spaces:
e C*(G) with the norm |ug
o the Lebesgue space L,(G4),p > 1 with the norm ||u4||p a.;
e the Sobolev space W*P?(G4) with the norm ||u4

k,G43

|P7k§Gi
and introduce their direct sums
o CH(G)=CFGy)+ CH(G-) with the norm |u|k.¢ = |ug
e L,(G)=L,(Gy)+ Ly(G-) with the norm

1 1

P P

lullL, @) = (/ U+pdx> + (/ U—pd$> ;
el el

o WHFP(G)=WFrr(G,)+WFP(G_) with the norm

k » k >
[llprsc = (/ > IDﬁuﬂdaz) + (/ > |Dﬁu_|de> :

&, 181=0 & 181=0

kGy + |u—|kc_;

For any integer k£ > 0 and real a we define the weighted Sobolev space V’;a(G)
as the space of distributions v € D’(G) with the finite norm

1
k P
||u||V,;‘a(G) = (/ Z ra"‘p(w'_’f)\Dﬁu_,_P dx)

G, 1PI=0

1
k P
+ (/ Z Ta-i-p(\ﬁl—’f)‘Dﬁu_‘p dx)

a_ 181=0

[

and V,,"(0G) as the space of functions ¢, given on JG, with the norm

loll - = inf[|®[lvx (G), where the infimum is taken over all functions ®
v o

D,

such that ® oo © in the sense of traces. We write
G

o k o k—13
WH(G) = WR2(G), WL(G)=VE,(G), W 5

(0G) = VE2(0G).

[e3
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1.5 Some inequalities

In this section we recall some elementary inequalities (see e.g. [2, 30]) which will
be frequently used throughout this book.
Lemma 1.2 (Cauchy’s Inequality). For any a,b >0 and ¢ > 0, we have
€ 1
b< _a? b2 1.5.1
W= T, (15.1)
Lemma 1.3 (Young’s Inequality). For any a,b > 0, € > 0 and p,q > 1 with

1 1 -1
=1, we have
p+q ’

ab < ;(Ea)p + ; (g)q (1.5.2)

Lemma 1.4 (Holder’s Inequality). For any non-negative real numbers a;, b;, i =
1,...,n, and p,g € R with;—i— ; =1, we have

n n /p s pn 1/q
> aib; < (Z ag%’) (Z b§> . (1.5.3)
=1 =1 =1

Lemma 1.5. (Theorem 41 [30]). For any non-negative real numbers a, b and m > 1

we have
ma™ a —b) > a™ —b™ >mb™ (a —b). (1.5.4)

Lemma 1.6 (Jensen’s Inequality (Theorem 65 [30])). Let a;, i = 1,...,n, be any
non-negative real numbers and p > 0. Then

n n P n
)\Zaf < (Zm) SAZa?, (1.5.5)
i=1 i=1 i=1

where A = min(1,n?~1) and A = max(1,nP~1).
Lemma 1.7. For any a, b € R and m > 1 we have
1b]™ > |a|™ 4+ ml|a|™a(b — a). (1.5.6)
Proof. By the Young inequality (1.5.2) with e =1, p=m, ¢ =™, we obtain
mla|™ 2ab < mlb| - [a|™" < [B|™ + (m — 1)|a|™ = (1.5.6). O
Theorem 1.8 (Hélder’s Inequality, see Theorem 189 [30]).
Let p,q > 1 with 11] + ; =1 and u € LP(G), v € LY(G). Then

[ 1wt < Jullsiey lolzvce (157)
G

If p=1, then (1.5.7) is valid with ¢ = oo.
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Corollary 1.9. Let 1 <p < gq and u € LYG). Then
[ ull Loy < (meas G)YP=Y 9 |u|| Lo, (1.5.8)

Corollary 1.10 (Interpolation inequality).
Let 1<p<q<randl/q=Xp+ (1—X\)/r. Then the inequality

HUHL‘?(G < HUHLP(G ||U||Lr (G) (159)

holds for all u € L"(G).

Theorem 1.11 (Clarkson’s Inequality, see §3.2, Chapter I [68]). Let u,v € L?(G).
Then

u4vl|P uw—uvllP 1
< (Il + 10150 ) 2 < p < o0
2 L?(G) 2 L»(G) 2 & Lr(@)
P
U+ V||p-1 u—wvllr? ( » pe1
< U + _v|l7, ) ,1<p<2.
H 2 Lr(G) 2 L0 (G) ” ” ?(Q) H ”L (@)

Theorem 1.12 (Fatou’s Theorem, sece Theorem 19 §6, Chapter III [25]). Let {fr} €
LY(G), k €N, be a sequence of non-negative functions which is convergent almost
everywhere in G to the function f. Then

/fdxg sup/fkdx. (1.5.10)
el G

We need also the following well-known inequalities:

Theorem 1.13. (See e.g. (6.23), (6.24) Chapter I [42] or Lemma 6.36 [49]). Let G
be piecewise smooth and u € WHL(G). Then there is a constant ¢ > 0 that depends
only on G such that

/\u|ds < c/ (lu] + |Vul)dz  for each T C 08 (1.5.11)
G
/vzds < /(5|V1}\2 + csv?)dx, Yo(z) € WH(G), V8 > 0. (1.5.12)
le G

1.6 Sobolev embedding theorems

We now recall the well-known Sobolev inequalities and Kondrashov compactness
results which are frequently referred as the embedding theorems (see [68], §§1.4.5—
1.4.6 [52], §7.7[29]).
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Theorem 1.14 (Sobolev inequalities (see e.g. [70, Theorem 2.4.1], [29, Theorem
7.10])). Let G be a bounded open domain in R"™ and p > 1. Then

WP (@) — {L"npp (@) forp<n, (1.6.1)
C°(G) forp >mn.

Furthermore, there exists a constant ¢ = ¢(n, p) such that for all u € Wy (G) we
have

1Ly (@) < ellVullL,) (1.6.2)
forp <n and
sup [u| < c(meas G)V/" VP Vu| 1, () (1.6.3)
G
forp>n.

The following Embedding Theorems 1.15-1.20 were proved first by Sobolev
[68] and can be found with complete proofs in [52, Section 1.4]. Let G be a C%!
bounded domain in R™.

Theorem 1.15. Let k € N and p € R with p > 1, kp < n. Then the embedding
WEP(GQ) — Ly(G) (1.6.4)

is continuous for 1 < q < np/(n — kp) and compact for 1 < q < np/(n — kp). If
kp = n, then the embedding (1.6.4) is continuous and compact for any q > 1.

Theorem 1.16. (For the proof see, for example, (2.19) §2, chapter II [43]). Let
u € WYQ). Then

lullf ,, () < 0IVullg, @) +c(@,p,n meas G)l|ullf ). »>n, ¥5>0. (1.6.5)

p—2

Theorem 1.17. Let k € Ny, m € N and let p,q € R with p,q > 1. If kp < n, then
the embedding
WmHEP(GQ) — W™(Q) (1.6.6)

is continuous for any q € R satisfying 1 < q¢ < np/(n — kp). If k = np, then the
embedding (1.6.6) is continuous for any q > 1.

Theorem 1.18. Let k,m € Ny and p > 1. Then the embedding W*P(G) —
C™+P(G) is continuous if

(k—m—-1p<n<(k—m)p and 0<B<k—m—n/p, (1.6.7)

and compact if the inequality for B in (1.6.7) is sharp. If (k —m — 1)p = n, then
the embedding is continuous for any 3 € (0,1).
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Theorem 1.19. Let u € W*P(G) with k € N, p € R, kp > n and p > 1. Then
u € C™(Q) for 0 <m < k —n/p and there exists a constant ¢, independent of u,
such that

sup [D%u(z)| < cllullwrr(q)
zeG

for all o] <k —n/p.

Theorem 1.20. Let G be a lipschitzian domain and Ty C G be a piecewise C*-
smooth s-dimensional manifold. Let k > 1, p > 1, kp < n, n—kp < s < n,
1< q < q*=sp/(n—kp). Then the embedding WP (G) — Lq(T5) is continuous
and the inequality

lullL, 1) < cllullwesa) (1.6.8)

holds. If q < g*, then the above embedding is compact.

1.7 The Cauchy problem for a differential inequality

Theorem 1.21. (See Theorem 1.57 [14]). Let V(9) be a monotonically increasing,
non-negative differentiable function defined on [0,2d] and satisfying the problem

{ V'(p) = P(o)V(e) + N(p)V(20) + Qp) 20, 0<p<d P)

V(d) < Vo,

where P(0),N (o), Q(0) are non-negative continuous functions defined on [0, 2d]
and Vy is a constant. Then we have

V(o) < eXp(/d B(T)dT) {%exp(—/dP(T)dT) +/dQ(T) exp <—]P(a)da> dT}

(1.7.1)
with

B(o) = N(p)exp (?P(U)do’) . (1.7.2)

1.8 Additional auxiliary results

1.8.1 Stampacchia’s Lemma

Lemma 1.22. (See Lemma 3.11 of [57]). Let ¢ : [kg,00) — R be a non-negative
and non-increasing function which satisfies

C

(h— k) [p(k))? for h >k > ko, (1.8.1)

p(h) <
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where C, a, B are positive constants with 3 > 1. Then (ko + d) = 0, where d* =
C liplko)|”~ 208/(=1),

Proof. For each s = 1,2,... we let ks = ko +d — é‘ls and consider the sequence
{¢(ks)}. From (1.8.1) we obtain

02(s+1)a

o(ksr1) < g (k)P s=1,2,.... (1.8.2)

We now prove by induction that

k
olks) < g(_S(L), where p = 1 iéﬂ < 0. (1.8.3)

For s = 0 the claim is evident. Let us suppose that (1.8.3) is valid up to s. By
(1.8.2) and the definition of d* if follows that

26D [o(kol® _ (ko)

el <07 < e (1.8.4)

Since the right-hand side of (1.8.4) tends to zero as s — oo, we obtain 0 <
o(ko +d) < p(ks) — 0. O

1.8.2 Other assertions
Lemma 1.23. (See Lemma 2.1 [20]). Let us consider the function

(@) e —1, x>0,
xTr) =
K e 41, 3 <0,

where 3 > 0. Let a,b be positive constants, m > 1. If ¢ > (2b/a) + m, then we
have

anf (@) = bn(e)] 2 He”, Vo 2 0; (1.8.5)

n(z) = [n(

2)}”’ Vi > 0. (1.8.6)

Moreover, there exist some d > 0 and M > 0 such that

n(x) §M[n(:1)}m, o (z) SM[n(;)}m, Vo > d, (1.8.7)
In(z)] >z, VreR. (1.8.8)

Proof. We refer to Lemma 1.60 [14] for the proof. O
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Lemma 1.24. (See Lemma 4.1 in Chapter 2 [18]). Let t(s) be a bounded non-
negative function defined on the interval [0, ]. Suppose that for any 0 <o < s <o
the function ¥(s) satisfies

A

(s — o)

Y(o) < 5Y(s) + + B,

where 6 € (0,1), A, B and « are non-negative constants. Then

w(r)gc{ Q+B}, 0<r<R<op (1.8.9)

(R—r)
where C' depends only on «, 6.

Theorem 1.25 (S. Bernstein [4]). If y is a bounded analytic solution of the equation
y// = f(x7y7y/)7 ap < x < b0> where ‘f(x7y>y/)| < Ay/Z + B7

then 1y’ is also bounded:

B
y’<\/2Ae4AM, M= sup [y(z)l.

z€(ao,bo)






Chapter 2

Eigenvalue problem and
integro-differential inequalities

2.1 Eigenvalue problem for the m-Laplacian in a bounded
domain on the unit sphere

Let Q c S"~! with a smooth boundary 2 be the intersection of the cone C with
the unit sphere S~ !. Let 7/ be the exterior normal to OC at points of 9Q and 7
be the exterior with respect to €24 normal to o¢ (lying in the tangent to  plane).
Let v(w) be a positive bounded piecewise smooth function on 92 and o(w) be a
positive continuous function on og. We consider the eigenvalue problem for the
m-Laplace-Beltrami operator on the unit sphere:

a (divw(\VuﬂMm_vaw) + 19\1/}\7”_21&) =0, w e Q,

[Wloo =0, [alVu" 202 | +o(w)lvl™ 2

=0, (NEVP)

g0

alVuw™ =2 3 @) =0,

which consists in the determination of all values 1 (eigenvalues) for which (NEV P)
ar, x€Qy,

has non-zero weak solutions (eigenfunctions); here a = { * Q+ a4 are
a_, Teil_,

positive constants.

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 17
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_3, © Springer Basel AG 2010
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Definition 2.1. A function v is called a weak eigenfunction of problem (NEV P)
provided that ¢ € C°(Q) N WH™(Q) and satisfies the integral identity

m—2 1 a¢ 877 _ m—2
Ja{ivoum=2l 20 50— i} an
Q

+ [ ol 2vndo + [l ondo =0
a0 oQ
for all n(x) € C°(Q) NWL™(Q).
Remark 1. We observe that ¥ = 0 is not an eigenvalue of (N EV P). In fact, setting
n =1 and ¥ = 0 we have

/a|Vw1/1\mdQ—|—/U(w)|w|mda+/7(w)\1/1\mda =0 = ¢Y=0,
Q o) o
since a > 0, o(w) > 0, y(w) > 0.
We characterize the first eigenvalue ¥(m) of the eigenvalue problem for the
m-Laplacian by
{fzamwwmdﬂ + [ ow)y"do +8£ V(W) do

oo

d(m) = inf (2.1.1)

PeW™(Q) [ alyp|md§
»#0 Q

Let us introduce the following functionals on C°(Q) N W™ (Q):

Pl = [aivaviman+ ol + [ )lolmds,

Q oo o

Gly) = / alibmds),

Q

#lul = [ a{|vuul™ = oo™y + [o@lvimdo + [ wlolmdo
Q a0 o0

and the corresponding forms

10y 0
F = [aivuer=2 ) 00 o [ ol omds

Q oo

4 / (@) gmdo,

o0

Glw,n) = / a2 g2,

Q
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Further we define the set K = {¢ € C°(Q) ﬂWl’m(Q)’ Gly] = 1}. Since

K c C°(Q) n Wbtm(Q), F[¢] is bounded from below for ¢ € K. The greatest
lower bound of F[¢] for this family we denote by 9: d}n& F[y] = 9. Now our aim
€

is to establish

Theorem 2.2. Let Q C S"~! be a domain with smooth boundary 9Q and ~(w) be a
positive bounded piecewise smooth function on 09, o(w) be a positive continuous
function on og. There exist 9 > 0 and a function v € K such that F(¢,n) —
9G (v, n) =0 for arbitrary n € C°(Q) N WL™(Q). In particular F[y] = 9.

Proof. Because F'[v] is bounded from below for v € K, there is ¢ = in}f( F[v]. Let
veE

us consider a sequence {vx} C K such that hm Flug] = ¥ (such a sequence exists

by the definition of the infimum). By K C W1 (), sequence {vy} is bounded in
WLm(Q) and therefore compact in L™ (). Choosing a subsequence, if needed, we
can assume that {v;} is converging in L™ (). As a result we obtain the following
property of the functional G: given any € > 0 we can find N(¢) such that

Glog —u] < a” - |lvg —vilfm@) <&, Ve>0 (2.1.2)
for all k,1 > N(g). Now we use the inequality (1.5.6):

m
Vg + vy

m _
5 > |og|™ + ) loe|™ 2ok (v — vg), m > 1.

By integrating this inequality over :

/a aQ > /a|vk|mdQ+W;/a|vk|m_zvk(w — vg)dQ
Q Q Q

m
Vi + U

and applying the Young inequality with p =", ¢ = m, we get

—1_m 1
[ vl o = )| < o o=l < o =

for all 6 > 0. This fact yields that

" m—1_m 1
> _ ey m _ _ m
/a dQ > (1 5 5 )/a|vk| aQ o5m /a|vl v dS,
Q Q Q

for all § > 0. This implies that G ["*1"] > (1 — m_lémwil) Glog] = g5m Glor —vi],
for all § > 0. By using G[vx] = G[v/] = 1 and Glv;—vy] < €1, we obtain G [+ | >

m—1

1-"7 15m 1 — 2‘}1”, Vd,e1 > 0 for large k,l. Now, by choosing 6™ = ¢;™ and

settlng €= ”51951 , we get

vV + v

Vg +U; €
G{ 9 ]>1—19 (2.1.3)



20 Chapter 2. Eigenvalue problem and integro-differential inequalities

for large k,l. The functionals F[v] and G[v] are homogeneous functionals and

therefore their ratio gm does not change under the passage from v to cv (¢ =

const # 0). Hence
F
inf g = inf Fv] = 9.
veWbhm(Q) Gv vEK
Therefore Flv] > 9G[v] for all v € W™(Q). Since "1 € W™ (Q) together
with vg,v; € K, then

Vi + Uy Vi + U €
> — = — .
F[ ) }_ﬁa{ ) ]>19(1 79) 9—e, ki>N(e)

Let us take k and [ large enough so that Flvg] < ¥ + ¢ and Flv] < d + . We
apply the Clarkson inequalities (see Theorem 1.11):

1) m>2:
v — Vg 1 1 vy + Vg
F < _F Flog] — F
5 < pr P - R[]
<V4+e—(W—¢)=2
2) 1<m<2:
1
1 U — Vg 1 1 m=1 1 v +Up
m— < — m—
F 1[2 ]_QFMHjNM) F 1[2 }
2 —m
<@W4e)mtt — (0 —g)mt1 < mil(ngE)iH’
by inequality (1.5.4). Consequently,
Flor —v] — 0, ask,l— occ. (2.1.4)

From (2.1.2), (2.1.4) it follows that [|vgx —vi|[w1.m (@) — 0, as k,I — co. Thus, {v;.}
is a Cauchy sequence in W1 () and hence by the completeness of W1m(Q)
there exists a function ¢ € W™ (Q) such that ||vox — ¢||[wrm@) — 0, as k — oo,
Moreover,

Flog] = Flg] = /a(\vaklm— Ileff\m)dQJr/U(W)(\vk\m = [[™) do

Q oo

+ [ ) (ol = o1 do

o0
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Now, by (1.5.4) and the Holder inequality, we have

/a(\vakV” — |V1b|™) dQ2| < m/a\Vvk|m_1\Vw(vk — ) ]dS
Q Q
1/m (m—1)/m

<m /a\vw(vk —)|™dQ . /a\vka\mdﬁ — 0, as k — oo,
Q Q

since v, € W1™, Furthermore, by using (1.5.6), the Holder inequality for integrals
and (1.5.11), we obtain

/awwwwwwwmmUSm/?wwwm*ww—wua

o0
< mmax |o(w)] - [[vk = ¥llz,.(0) - 10kl 21n(00)
< C||’Uk — ’(/JHWl,rn(Q) . H?)kuwl,m(g) — 0, as k — oo,

and also

/V(W) (Jvk|™ = [™) do < m/“Y(°L’)|Uk|m_1 < |vg — Y|do
oQ oQ
< mr%?th(wﬂ Now =Yl 00) - l1vellL,. 00)

< cllvk = Yllwrm(e) - [lvellwrm@) — 0, as k — oo.

Therefore we get F[¢)] = klim F[vi] = 9. Analogously it can be seen that G[¢)] = 1.

Suppose now that 7 is some function from C°(2) N W1™(Q). Consider the

Flp+en]
Glten]” - . . ..
around the point ¢ = 0. This ratio has a minimum at € = 0 equal to ¢ and

therefore, by the Fermat Theorem, we have

ratio It is a continuously differentiable function of € on some interval

<FW+mU’ _ TGl = PG _
Gl +enl ). G?[y] ’
which because of F[y] = ¢, G[] = 1, gives F(v,n) — 9G(¢,n) = 0, for all
n € C’(Q)NWHm(Q). O

2.2 The Friedrichs-Wirtinger type inequality

Now from the variational principle we obtain

The Friedrichs-Wirtinger type inequality. Let ©¥(m) be the least positive eigenvalue
of the problem (NEV P) (it exists according to Theorem 2.2). Let Q C S™~! and
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P € Whm(Q), v(w) be a positive bounded piecewise smooth function on 98, o(w)
be a positive continuous function on oqg. Then

Jatwman< 08 favaiimio [ o + [ sl ),
Q

Q oo o

with the sharp constant ﬁ(in).

Proof. By approximation arguments, it is clearly that we only need to consider the
above described functionals F[v], G[¢], H[%] on C}(2) N W2™(Q). We will find
the minimum of the functional F'[¢)] on the set K. For this we investigate the min-
imization of the functional H[¢] on all functions ¥ (w) € C'(Q2) N W2™(Q) which
satisfy the boundary conditions from (NEV P). We use formally the Lagrange
multipliers and get the Euler equation from the condition § H[¢)] = 0. Calculating
the first variation  H, we have

6Hw]—6(/a <qu1 (gi)2>?—z9<w2>’%‘ a2+ [ o)) do

Q =1 oo

qi

N—-1
= fo ) (‘](”)wvmm 26;”) S

(0

—mﬁ/a\w\m 2y - 6wdQ+m/a|w|m 23 - 0pdo

+m/[a|w|m 2&/’] 6wda+m/ ™2 - o
—|—m/ |1/J|m 21/) opdo

o0

—m / 0 {div, (Vb 2V0) + 91624 - bupd€2
Q
0
s [{[awr= 2] +o@luine ) svao

0
s [ {aluln=2 )2 v apeln 2o} - svdo

o0
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Hence, because of JH[¢)] = 0, ¥§yp € C°(Q) N W™ (Q), we get the eigenvalue
problem (N EV P) for the m-Laplacian . Conversely, let 9,4 (w) be a weak solution
of the eigenvalue problem for the m-Laplacian. From the definition of the weak
eigenfunction, by setting 7 = ¢ (w), we obtain

0= Fly] - 9G] = Fll-0 = v=Flu)

consequently, the required minimum is the least eigenvalue of the eigenvalue prob-
lem for the m-Laplacian. The existence of a function ¢ € K such that F[¢] < F[v]
for all v € K has been proved above. O

Remark 2. For m = 2 the eigenvalue problem (N EV P) takes the form

ay (Dows +p1) =0, ay are positive constants; w € Q4,

W}}GO - O’ [agg}ao + O-(w)dj Uo: O’ (EVP)
as 5% Fr@)s|, =0,
and we set

2—n+4/(n—2)2+49

A= 5

(2.2.1)

Then (W),, takes the form

/ @ (w)dQ

Q

1

< A +n—2) Q/aVuﬂMQdQ—F/a(w)wZ(w)da—F/v(w)dP(w)da , (W)

a0 o0

for all Y(w) € WH(Q).
Remark 3. The constants in (W),, and (W) are the best possible ones.

Corollary 2.3. Let #(m) be the least positive eigenvalue of the problem (NEV P).
Let v(z) € WE™(GY), y(w) be a positive bounded piecewise smooth function on
09, o(w) be a positive continuous function on og. Then for any o € (0,d) and for
all o,

/ara\v\mdx

G3
1
< {/ara+m|Vv\md:c+/ra+m o(w) \v\mds—l—/rwrm 7(w) \v\mds},
d(m) rm—1 rm—1
G§ =3 r§
(2.2.2)
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provided that integrals on the right are finite. In particular,

/@mmmgﬁi; /awmmm+/’£i|md+/”ﬂiwwm

G¢ G¢ =8 re
(H - W)m

Proof. Consider the inequality (W), for the function v(r,w). By multiplying it
by r**t"=1 and integrating over r € (0, ), we obtain the desired inequality (2.2.2).
Setting in it « = 0 we get (H — W), O

Similarly we have

ol
Corollary 2.4. Let u € C°(G)N'W __,(G), and X be as above in (2.2.1). Let o(w),
w € 0p; Y(w), w € IN be non-negative bounded piecewise smooth functions. Then

1
/ara_4u2dx < AA+n—2) {/ara_z\VU‘de + /7‘&_3U(W)U2(x)d‘9
Gg Gg Eg

+/7‘a_3’y(w)u2(x)ds}, V.

rg

(2.2.3)

o1
Lemma 2.5. Let v € CY(G)N'W(G) and o(w) > 0, v(w) > 0. Then for any e > 0
and for all «,

/arg_zr_%zdx

G§

<c- /ar?_2|Vv\2dx+/r_1r§_2 (w)v?(z )ds+/ o2y (w)vids

Gg g rg

1 2 (a—2)sgn(a—2)
N: 2~2-4
¢ AO+n—m(h> ’ (224)
where h is defined in Subsection 1.3.

Proof. Multiplying both sides of the Friedrichs-Wirtinger inequality (W)s by
(r 4 ) %"~ and integrating over r € (¢, 0), we obtain
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/ a(r +)*2r %% dx

Gore
1
< )x()x—!-ﬂ—?){ / a(r +¢)* 3| Vo2 dz + / = Hr 4 e)* 2y (w)vids
G§/2 Fg/g
+ / rHr 4+ e)* 2o (w) 2ds}
ZQ

for all € > 0 or, because of the property 1) of . §1.3, r. <r+e < 27‘5 we find

/ ar?_Qr_2v2dx

GQ

e/2

<c- /arg_z\VU|2dx+ / r_lr?_Qa(w)v2ds+/7‘_17‘?_2’y(w)v2ds ,

o o o
Gosa Xy/2 L2

for all € > 0. Letting p = 27%d, (k = 0,1,2,...) and summing the obtained
inequalities over all k we get the desired inequality (2.2.4). ([l

2.3 The Hardy and Hardy-Friedrichs-Wirtinger type
inequalities

We recall first the classical Hardy inequality (see Theorem 330 [30]):

Theorem 2.6. Let d > 0 and v € C°[0,d] N W12(0,d) with v(0) = 0. Then

d

d
/r"_5+av2(r)dr§ den—o 2/ n—dto <8v> dr (2.3.1)
0

0
for a < 4 —n provided that the integral on the right-hand side is finite.
Corollary 2.7. Let 0 < e < d and v € COe,d| N W12 (e,d), with v(e) =0. Then

d

d
/rn—5+av2(r)dr <, n o) / n—3+a <8v> dr, a<4-—n. (2.3.2)

€

Proof. We apply the inequality (2.3.1) to the function v(r) extended by zero into
[0,¢). O
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Now using the Hardy inequality we establish:
Proposition 2.8 (The Hardy-Friedrichs-Wirtinger type inequality).

ol
Let u € CO(G)N'W__,(G) and o(w), y(w) be positive bounded piecewise smooth
functions. Then

/ar"‘_4u2dx < H()\,n,a){ /ara_z\VU\QdUC+/TQ_SU(W)U2($)dS‘

G§ G§ =

+ /r“‘gfy(w)UQ(x)ds},
rg
1

MA+n=2)+ j(4—n—a)?
Proof. For o = 4 — n the required inequality (2.3.3) coincides with (2.2.3). Now,
let @« < 4 — n. We shall show that u(0) = 0. In fact, from the representation
u(0) = u(z) — (u(z) —u(0)) by the Cauchy inequality we have }[u(0)|* < [u(z)[*+
|u(z) — u(0)|?. Putting v(x) = u(x) — u(0) we obtain

1
\u(0)|2/ra_4dx < /ra_4u2(x)dx+/r°‘_4\v\2dx < o0. (2.3.4)

2
Gg G§ Gg

H(\n,a)= a<4-—n. (2.3.3)

ol
(The first integral from the right is finite due to u € W,_,(G), and the second inte-

d
gral is also finite, by virtue of Theorem 2.6.) Since [ r*~*dz = meas) [ rot"=54dr
e 0
= 00, by a+n—4 < 0, the assumption u(0) # 0 contradicts (2.3.4). Thus «(0) = 0.
Therefore we can use Theorem 2.6:

4
/aro‘_4u2dx < 4= n—af /aro‘_2ufdx. (2.3.5)
Gg Gg

Multiplying (W)a by r"~5%* and integrating over r € (0,d) we obtain

/ara_4u2dx < A —|—1n o) {/aro‘_2:2 |V ulde + /ro‘_ga(w)UQ(x)ds

G§ G§ =5

Adding the inequalities (2.3.6), (2.3.5) and using the formula |Vu|® = (23)2 +
- IV.,ul?, we get the desired inequality (2.3.3). O
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Lemma 2.9. Let u € C°(G?4) N WY(GY), u(e) = 0 and o(w), y(w) be positive
bounded piecewise smooth functions. Then for any e > 0, it holds that

/ar"‘_4u2dx < H()\,n,a){/ara_zVqugc—i—/ra_?’o(w)uz(x)ds

ae G¢ B¢

+/r“‘3v(w)u2($)d8}7 (2.3.7)

Trd

€

where H(\,n,«) is determined by (2.3.3).

Proof. We have inequality (W),. Multiplying it by 7" ~°%< and integrating over
r € (€,d) we obtain (2.3.7) for « =4 — n. If &« < 4 — n, we consider the inequality

(2.3.2) and integrate it over €; then we have

1
4(4 —n—a)? /ra_4u2dx < /ro‘_Qufdx.
Gé Gé

Adding this inequality to the above one for &« = 4 — n and using the formula

Vul® = (g’;)Q + % |V.ul?, the desired result follows. O

Lemma 2.10. Letu € CO(G)NW(G), u(0) = 0 and o(w), y(w) be positive bounded
piecewise smooth functions. Then, for any € > 0, it holds that

/ar?_4u2dx < H()\,n,a){/ar?_2Vqux+/r?_3a(w)u2(x)ds

Gg G§ D
+ /T?_?”y(w)uz(x)ds}, (2.3.8)
g
1
H(\n,a) = a<4-—n.

AMA+n—=2)+ (4 —n—a)?

Proof. We perform the change of variables y; = x; — €l;, ¢ = 1,...,n and use the
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inequality (2.3.7); thus we obtain

/ar§_4u2(x)dx = / aly|* ™ u?(y + el)dy
Go Gee

SH(/\,n,a){/ayla‘QVyU(y+6l)l2dy+ / ly|* oy + el)u(y + el)ds

Gée »de

+ / Iy“_?’v(y+fsl)u2(y+al)ds}

rde

= H()\,n,a){ /ar?_2|Vu|2dx—|—/rg_?’a(aj)UQ(x)ds—I—/rg_?’v(:r)uQ(x)ds}.

&4 o rg O

2.4 Auxiliary integro-differential inequalities

Lemma 2.11. Let G& be the conical domain, v(p,-) € WH™(Q) for almost all
o€ (0,d) and

V(o) = /a|Vv\mdx+/:nSci)1 |U|md$+/:"(;i)1 |v]™ds < oo. (2.4.1)
Gg = g

Let ¥(m) be the smallest positive eigenvalue of the problem (NEV P) and vy(w) be
a positive bounded piecewise smooth function on 02, o(w) be a positive continuous
function on ag. Then for almost all ¢ € (0,d),

/avgi\VMm_QdQQ <=Zm)- °, V(o) (2.4.2)
Q

where

E(m) = {(n;) o mz2, (2.4.3)

(m—1)" 272", 1<m<2.
Proof. Writing the function V' (¢) in spherical coordinates

4

V(o) = /r"_1</aVv(r,w)mdQ)dr+/grn_m_1</’y(w)v(r,w)|mda> dr

0 Q 0 1o}9]
o

+f m( / a<w>|v<r,w>mda> dr

0 oo
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and differentiating it with respect to o we obtain

V(g) = o"! / o Vo(o,w)|™d2
Q

v wm*( [r@htewimdo+ [ a<w>|v<g,w>|mda>. (244)

o0Q oo
m > 2.
Using the Cauchy inequality and next the Young inequality with p = 7/, p" = ™,
we have
0 0
/avaz|Vv\m_2dQQ ="t /av82|Vfu\m_2 aQ
QQ Q r=e
o) (3) |
0 or
Q r=e
2 2
€ |w 1 |ov
<o" Vo dQ
=0 /a{2 0 2¢ |Or } Vel
Q r=e
§lv|™ m-—2 1 |ov|?
< Q"/a e R S| v Ul |2 dQ,
m|o m 2 2¢e | Or
Q r=e

for all ¢, 6 > 0. Applying now the Friedrichs-Wirtinger type inequality (W),, we

obtain
v m— gdp™ v(o,w)|™ v(o,w)|™
avarwv\ 2dQ, < mﬁ(m){/a(w) . da-ﬁ-/y(w) . do

e o0 a0

) Voo™ e

n _9 2 m
e /“{mwm)‘ o | T2y, 0 Vel
Q
1 |ov]? S
+ o lgr| VY } dQ, Ve, § > 0. (2.4.5)
r=0

Because |[Vv[? = vZ + L|V,v|? and ‘V;“

< |Vvl, we get:

2

ed Voo™ 1 |0 m—2
mi(m) | o 2¢ |Or Vel
&5 |[Voul? 1 |ow]? 2 €o
< . m— — m
- {mﬁ(m) ’ 0 2¢ | Or } Vel ml?(m)‘vv| ’
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if we choose € > 0 from the equality

1 ed
2 = mi(m)’ (2.4.6)

Therefore from (2.4.5) it follows that

v —2 € 0 m—2__ 2
m < m—2 n m
/avaT\VM df2, < m (ﬁ(m) + 5 o ) 0 /a|Vv(g,w)| A0
¢ Q
€0 im . N
+ mﬁ(m)g {/U(W)|U(Q,w)| do + /’y(w)|v(g,w)| da}, V8 >0. (2.4.7)

oo o

Let us put § = 9" (m). Then, by (2.4.6), ¢ = \/”gﬁrln(m). Thus from (2.4.7)
and (2.4.4) we derive the required (2.4.2).

1l<m<2.

Because of |Vv| > |v,| and 1 < m < 2, we have |Vo|™™2 < |v,|™~2. Therefore

using the Young inequality with p =m, p' = ™, :

0 0
av U|Vv\m_2dQQ: g"‘l/av U|Vv\m_2 dQ < Qn/a v o™ dQ
or or 0
Q, Q r=e Q r=e
§Q"/a{€ v —l—m emmia |77 } dQ, Ve > 0.
m|o m ar
Q r=g

Next, applying the Friedrichs-Wirtinger type inequality (W),, we obtain
m
v(o,w
(o )‘ da—|—/’y(w)

v " eo"” v(o,w)|™
<
/avaT\Vv| dQ, < mi(m) { /a(w) . 0 do

Qg oo BQ
1 Vo 0
+ o / al ! ! Q, Ve > 0.
m dm) | o

Q

m

+(m—1)e" mo

Now we choose

m—1

e={(m—1d(m) ™ = (m—1)e n =
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and therefore the above inequality gives

[esgimrines 500 fo [ s [

Q, ) o0
+/a (’v“’v |9 ) | dQ}. (2.4.9)
Q ¢ r=o

or
But, because of |Vv|? = v2 + 4|V,v|? and the Jensen inequality (1.5.5), we get

m_ ’va
0

Hence and from (2.4.9) it follows that

view)|™

m

or

‘va m
0

‘81}

2
) + (v?)% §223W\Vv|m, 1l<m<2.

v 9 273" ¢ v(o,w) m / v(o,w) m
m < n
/avarwv\ dQ, < mﬁ(m)g (V/a(w) 0 do + [ y(w) 0 do
Q, 0 9
+/a\Vv|m dQ).
Q r=o

Substituting here € from (2.4.8) and recalling the definition (2.4.3)-(2.4.4) we get
the desired inequality (2.4.2). O

For the case m = 2 we establish the best possible result.

Lemma 2.12. Let G¢ be the conical domain and Vu(p,-) € La(2) a.e. o € (0,d)
and X\ be defined by (2.2.1). Assume that for a.e. o € (0,d),

U(p) = /arz_"|Vu|2dx—|—/rl_”a(w)UQ(x)ds—i—/rl_"’y(w)uz(az)ds < 0.
G8 =8 rs
(2.4.10)
Then

U'(0). (2.4.11)
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Proof. Writing U (p) in spherical coordinates,

Ulo) = ir2_"</aVU2dQ>rn_1dr

0 Q
0
—i—/rl_"(/a(w)u|2da+/’y(w)u|2d0>rn_2dr
0 oo on
i 1 i 1
:/r/a(uf—l— 2|un2>der—|—/ (/a(w)|u2da—|—/’y(w)u|2da>dr
r T
0 Q 0 oo o

and differentiating with respect to g, we obtain

U'(0) = !a (g (ZQ:)Q + ;ku“') T:QdQ
+ 2} /a(w)u2(g,w)da+/y(w)u2(g,w)da . (2.4.12)

0 o

Moreover, by the Cauchy inequality, we have for all ¢ > O0: pu‘g:f < ;uz +
1 p? (g’:)Q. Then

2¢e
ou n—2 , e+n—2 2 0? ou\>
< .
/a<9u8r+ 5 u)‘ dQ < 5 /audQ+2€/a or Q2
Q Q Q

Thus choosing € = A we obtain, by the Friedrichs-Wirtinger inequality (W)a,
Q2

/a u@u Mo 2u2
e o 2
Q r=e

e+n—2 9 92/ ou\?
< Lul2dQ a0
_2)\()\+n—2)/a|v ul*d +2E “\or
Q

Q

2;(;_:71__22) (/a(w)uz(g,w)da+/’y(w)u2(g,w)da> = ;;U’(Q), O
o0 o0




Chapter 3

Best possible estimates of solutions
to the transmission problem for
linear elliptic divergence second-
order equations in a conical domain

3.1 Introduction

Let G C R™, n > 2 be a bounded domain with the boundary G that is a smooth
surface everywhere except at the origin O € dG and near the point O it is a conical
surface with the vertex at O. We assume that G = G4 U G_ U % is divided into
two subdomains G4 and G_ by a ¥¢ = G N {z,, = 0}, where O € ¥y (see Figure
1). We consider the elliptic transmission problem

Llu] = ai,i (a(2)ua,) + @' (2)ua, + a(z)u = f(z), x€G\ Do
[ulg, =0, Slul=[g]y, + 4o (\i\) u(z) = h(z), =€ o; (L)
B[u]zg’;+|in(|§|)u=g(x), x € G\ {Zy U0}

(summation over repeated indices from 1 to n is understood); here:

1%}

* ov = al] (x)nl 32] )

° [gg] 5, denotes the saltus of the co-normal derivative of the function u(x) on

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 33
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_4, © Springer Basel AG 2010
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crossing X, i.e.,

{8u]2 = ai( )(%cj i o aZ(x) 81'7 S0

In this chapter we obtain the best possible estimates of the weak solutions of the
problem (L) near the conical boundary point. Analogous results were established
earlier in [14] for the Dirichlet and Robin problems in the case of a conical domain
without interfaces.

Definition 3.1. A function u(x) is called a weak solution of the problem (L) pro-

vided that u(z) € C°(G) N W, (G) and satisfies the integral identity

/{aw )y, N, — a' () ug,n(z) — a(z)un(z) }dm—l—/ia(w)u(w)n(x)ds

r
oG oG

+/meuwwwz/m>uw+/ w—/f w)dr (1)

ol
for all functions n(z) € C°(G) N W (G).

Without loss of generality, we assume that there exists d > 0 such that G¢
is a rotational cone with the vertex at O and the aperture wy, thus
Wo — w
rd = {(r,w)‘xf = cot? 20 x3; r € (0,d), wy = 20, wo € (0,271')}. (3.1.1)

=2
Lemma 3.2. Let u(z) be a weak solution of (L). For any function n(x) € C°(G)N

o1
W (G) the equality

/{aij(x)ugjjnm + (f(z) — a'(z)uq, — a(x)u)n(x)}dx

G
= [y nto)costrgast, + [ (ate) = [nluto) ) s
Q, e
_1O'LU'U/$ x)as oc
+£(mm Yo@uta) ) a)d (1

holds for a.e. o € (0,d).
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Proof. Let x,(z) be the characteristic function of the set G§. We consider the
integral identity (IT) replacing in it n(z) by n(z)x,(x). As a result we obtain

/{aij (2)ta, Mo, + (f(2) — a'(2)us, — a(m)u)n(x)}d:r

Gg

~— [ @ piads + [ ()= Triute) nelds

Ge rg
1
. / (1) Jo@uto) ) ntajas.

Because of formula (7') Subsection 3 §1 Chapt. 3 [28],

.
x; — 26 - 3
X . oG T)

where §(9 — r) is the Dirac distribution lumped on the sphere r = g, we get (see
Example 4 Subsection 3 §1 Chapt. 3 [28])

~ [ ne e = [ @@, n(@) " 80 - )

G Gg
= /aij (w)ug,n(x) cos(r, x;)dS,.
Q,
Hence it follows the required statement. |
Assumptions.

(a) the condition of the uniform ellipticity:
ve® < af(0)6€; < pa€, Vo€ Gy, VEERY
Vi, e = const > 0, and a” (0) = a5g,
x e G+,

. a4, iy
where &) is the Kronecker symbol and a = * a4+ are positive
a_, z€G_,

constants; we write:
a, =min{at, a_} >0, " =max{as, a_} > 0;
ve =min{v_, vy }; P =max(pi—, fiy);
(b) a¥(z) € C%G), a'(z) € Ly(G), a(x), f(x) € Ly/2(G) N L2(G); n < p < 2n,

for which the inequalities

1

(Z la¥ (z) — aii(y)|2> " < asA(lz - y))

ij=1
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1

2] (Z o))+ ol (0)] < 0 A(s])
=1

hold for x,y € G, where A(r) is a monotonically increasing, non-negative
function, continuous at 0, A(0) = 0;

(¢) a(z) <0 in G; o(w) > vy >0 on og; y(w) > vy > 0 on OG;
(d) there exist numbers f1 >0, g1 >0, hy >0, s > 1 such that

[f(@)] < Al g(@)] < gl [R(@)] < halal*™

(e) v(w) is a positive bounded piecewise smooth function on 02, o(w) is a positive
continuous function on og.

Our main result is the following theorem.

Theorem 3.3. Let u be a weak solution of the problem (L) and X\ be defined by
(2.2.1). Let assumptions (a)—(e) be satisfied with A(r) Dini-continuous at zero.
Then there exist d € (0,1) and positive constants Cy, C1, Cy depending only

*
ON 1, Vs, (b ap7>\a

n .
at(z)]? wo, §, meas G, diam G and on the quantit
) ) ) ) q y
=1 Ly /2(G)

1
f AY) dr such that the inequality
0

. . 2|, if s > A,
\u(x)\gco(||u||2,g+f1+Wogﬁwohl). P (L), s =A (312)
2, if s <\

holds for all x € G&. If, in addition,
a’(z) € CH@), o(w) € C(0y), y(w) € CHOG), f(x) € VO (@),

p,2p—n

h(z) € V5P (00), g(z) € VISP (0G); p>n

p,2p—n p,2p—n

and there is the number

ro=swo (10l ooy gl ), (3.1.3)
0>0 Vp,2p7n 9/2) Vp,2p*n(re/2)
then for all x € G¢ the inequality
. . 2, if s> A,
Vu@) < Ci(lula+ i+ , g+, mtn)- Qe (L), ifs=a
Vo Vo !
|z~ 1, if s <A

(3.1.4)
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holds. Furthermore, if u € V2 (G), then

p;2p—n
||U||V;2p7n(c;g)
)\ -
o if s> A,
1 1 NV (3.1.5)
<Colulbatfit oo+ hotn)3otm(y), ifs=
0°, if s <A

3.2 Local estimate at the boundary

We derive here a result asserting the local boundedness (near the conical point)
of the weak solution of problem (L).

Theorem 3.4. Let u(xz) be a weak solution of the problem (L) and assumptions
(a)-(c) be satisfied. If, in addition, h(x) € Loo(Xo), g(z) € Lo(0G), then the
inequality

sup [u(@)| < € {o™"/"ullag + P fllp .65 + 0 (I9lloe.rg + IRl g) }

Gge
(3.2.1)
holds for anyt > 0, 5 € (0,1) and ¢ € (0,d), where C > 0 is a constant depending

5 [ai(a)]?
=1

only on n, vy, u*, t,p, s,
Ly/2(G)

Proof. We apply the Moser iteration method. First we assume that ¢ > 2. We
consider the integral identity (I7) and make the coordinate transformation z =
ox’. Let G’ be the image of G, G’ be the image of OG, 3 be the image of X,
and we have dx = o"dx’, ds = 0"~ 'ds’. In addition, we denote

v(z') = u(ea’), F(2') = 0*f(ea'), G(z') = eg(ex), H(a') = oh(ea). (3.2.2)
Then (IT) means

[ {0, = eai (e yoanta') - Paler et} o

G/
1 / / /! 1 / / /
s [ Le@rnenas + [ L @t
= aG"

oG"

= [ otmtaas' + [ Hamaas ~ [ Famaar
A &

o1
for all n(z’) € C°(G’) "W, (G"). Now we define the quantity k by

k= k(o) = vi* (112, + 19 )oo.ms + [l 5 ) (3.2:3)
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and set
v(z') = Ju(z")] + k. (3.2.4)

Now we observe that

1

1
. AL elo < 170

f:
Flo .

1 1
Fl ko= [Flw—lol) o= | F]-0?
(3 2.5)

1 1
Mo < [H] 0% (Glo < 1G] v?

in the same way. As the test function in the integral identity (II)" we choose
n(z') = ¢3(|2'|)vvt=2(a’), where ((|2’|) € C°([0,1]) is a non-negative function to
be further specified. By the chain and the product rules, 7 is a valid test function
n (I7) and also

et = V" 20 C12']) + (= 2)0" 2 vy P (|2']) + 2¢Cev0' 3 (2),

so that, by substitution into (II)" taking into account that a(pz’) < 0 in G/,
v <|v] <wvandt>2 we obtain

/aij(Qx')vw,_vw,‘q;t_QCQ(\gc'Ddx' +/ ‘;/‘U(w)vzvt_Q(UC/)CZ(‘xl‘)dsl

El

/W @) < o [ oo Yoy o' @) o i

Gl

1o / 079 (00') o s [0 ¢ (1 e + / () o ()| )ds'

/ G o' ) s+ / ot )

By the ellipticity condition, assumption (¢) and taking into account (3.2.5), it
follows that

Joiviop ot (e < (ww AV ) 1] )

Go Go
+o <z": ai(x)|2> 2 IV'o| 'vt_142(|$’|)>d93' T, 1Gloo,rs '/vt(w’)CQ(lw’l)dS'
k oo,y
=1
g

# plHlcsy - [ o) s’ (326)

T
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We estimate every term by the Cauchy inequality for any € > 0:

2090 - [V'¢] -0 < 2 (VoI V'o] - wETAC) - (jy vt w)

*\2
< ev|V'of? - ot (51/) otV ¢

1

0 (Z o' (z) ) DL
< (x/u\V'v\ ~v5_1) . \/ly vi (Z ai($)2> ¢?
* i=1

1 S
< ;v\v’vlz 22 4 2o Qz; |az(l,)|2 w2,

For the estimating integrals over the boundaries we apply the inequality (1.5.12).
Then from (3.2.6) it follows that

/ VP o 2 (e e’ < e / VIV o2 - o 2C2([o |)da’ (3.2.7)
Go Gl
(7)? o ¢12 I TR / tr2() 0 /
+/{ EVx v Vi (261/*9 ;m (@) + k‘]:(x)‘) V"¢ (|x |) dx
a i=

1 1
b (10 + sy - [ (39207 + fea'c?) o', e, 0,
Gy
From relations

t2

V(G2 <2 (GIV R+ VCR) IV = o T (32.8)

follows the inequality

2
2
Now, from (3.2.7) and (3.2.9), by choosing € = ; we find that

V' (¢ot/?) 2 < ot 2| V70| 2¢2 + 201 V)2 (3.2.9)

1
5 /V|V’v\2 T2 (|2 ])da!

é
62 [1Glleo,ry + IH]l oo
< 30 Ny WMl oo iongaat (32.10)

Go
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/ —1
302 In, |F(x')| + cod (||g||oo7l—‘(l)+“H||OO7E(l)) 2
+/ g, 217 (@) + k e
1 =1
GO
3(1* 2 25
+/{ W (Ilglloow+||H|wzl)}”t~V’<|2dx’, v € (0,1]
I/* k L0 10
Gy

We choose now § = ,l,; by the definition of the number k in (3.2.3), the last

inequality (3.2.10) can be rewritten in the following way:

/V‘V’UF . Ut—2<2(|x/|)dx/

Gs

12(p*)?  4v,
§8601/*t2~/§2(x')vt(x’)dx’+< W) t’; ) -/\V'C|2vt(x’)dx’
G} "
30° g2, [F@)] T YIINW
v f (2,/* Solap+ ) e
Gt =

But, by (3.2.8), the last inequality means

[V R (e i

G§

* 2t2
< 2ot /CQ(\I'\)fut(x’)dx’ + (3(“V) +V*> -/\V'C|2vt(x')dx'
G} Gs

+t2/ (352 > la*(z)]* + |.7—'(kx’)|> '3 (|a|)da'.

* i
1
Go

Since t > 2, we can rewrite the above inequality as

/V\V’(vt/Q)\QCQ(\x'\)dx’ < Clt4/V(\V'C\2+CQ(\I'\))vtdx’

Gs Gs
n /
+C’2t2/u <Q22|ai(l‘)|2 L Ve )|> (! )da!,  (3.2.11)
i=1 k
G} -

where constants C, Co depend only on c¢g, v,, u* and are independent of ¢. Setting

w(z') = - o2 () (3.2.12)
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from (3.2.11) we obtain

[IvuPeehas < et [ (/6P + C(')) w?a)is’

a a
+ 02t2/ <92 Z la® (z)|* + ]-"(;’)) cw? () (|2 ))dx’. (3.2.13)
& i=1

The desired iteration process can now be developed from (3.2.13). By the Sobolev
Imbedding Theorem 1.15, we have

[CulPa, gy < € [ (9GP + ) ue) + Gl DIV'ul) do'y (3219)
Go
where m = n forn > 2,2 € (2,p) and C* depends only on n. Using the Holder

inequality for integrals

/|F(x/)‘ . wQ(x/)CQ(x/)dx' < HFHP/Z,G(I) . H’LUC”iszGé, p> 2, (3215)
G5

we get from (3.2.13)—(3.2.15):

ch”i?jz’(;(l) §C3t4/(‘vlc|2+c2(|x/|)) wQ(x/)d;(;/
Gy

QQiZj;ai(x”Z_'_ ‘F(]:/)‘

+ C4t2

NwllPer fir p>me (3.2.16)
p—27'-0
»/2,G}

By the interpolation inequality for L,-norms
IGull 2,y < elwl 21, 6y +* [Cullogys p>m, Ve>0,  (3217)
from (3.2.16)—(3.2.17) it follows that

[[Cuw]| 2, .GY

ey @)
SILCIE

1/2

< t\/Cy

x (ellwCl an, cy + 27w ICwlla )
»/2,G}
+£23/Cs - [(C+ V' Dwllae, p>n, Ve >0.
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Choosing € = 2t\}c4 0? > |a'(z)]* + \f(kr’)l , we obtain
i=1 p/2,G}
P
ICwll 27 gy < Cte=n[[(C +[V'Chwlla,qy, n<p<2n, (3.2.18)

n .
3 lat(z)]? and is independent of
=1 »/2,G

t. Recalling the definition of w by (3.2.12), we finally establish from (3.2.18) the
inequality

where C' depends only on ¢y, n, v, u*, p,

G- 020 2,y < CEHNCHITED - 02y m<p<2n.  (3219)

This inequality can now be iterated to yield the desired estimate.

For all 5 € (0,1) we define sets sz) = GS‘Hl_}‘)z ]7 j=0,1,2,.... It is easy
to verify that G = G{) C -+~ C G{;,,) C G{; C -+ C Gy = Gi. Now we
consider the sequence of cut-off functions (;(z’) € C°°(G2 ;)) such that

0 < ((2") < 1in Giy) and (j(2') = 1in Gy,

Ga')=0 for |2f| > 2+277(1 - 5);

VG <20 for e 42707 (1= 30) < [of| < 54+ 279(1 = ).
We define also the number sequence t; = t(?ﬁ2 j, 7=20,1,2,.... Now we rewrite

the inequality (3.2.19) replacing ((|z’|) by ¢;(«’) and ¢ by ¢;; then taking t;-th
root, we obtain

C 2/t; j 2p 1
”UHtHhGEHl) = (1 - %> A (ty)r HU”tj’Gb')'

After iteration, we find that

Ctr” al 25 >
tp—n n p—n j=0 7 v t]j
ol 007, < { L (ﬁ_ 2) } AT ollgre (3.2:20)

oo
Notice that the series )  / is convergent by the d’Alembert ratio test,
j=0 "

0 ~

but the series > tlj = o, as a geometric series. Therefore from (3.2.20) we get
§=0

||U||tj+17gzj+l) < C|lvll;,3- Consequently, letting j — oo, we have sup v(z’) <

' €GY
Cllv|l¢,gi- Hence, because of the definitions of the function v(z’) by (3.2.4) and of
the number k by (3.2.3), we obtain

sup Jo(a)] < (vl gy + 1F /2,63 + 1910 g + Ml 53 )

' €Gy
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Returning to the variables z, u, by (3.2.2), we obtain the required estimate (3.2.1)
in the case t > 2.
Let now 0 < t < 2. We consider (3.2.1) with ¢ = 2:

sup [u(@)] < Co~ ¥ Jullo.co + K(0), (3.2.21)

where

K(0) = C {2l 068+ 0 (Iglloers + Ihlloc,5z) } -

Now, using the Young inequality with ¢ = ? and ¢ = 23 , We can write
1/2
CoHlulzgy=Co ¥ | [ut
Gs
1—t/2 )
< <supu<x>> CoH ull2 <y suplu(@)] + Cro™ ¢ ull g (32:22)
Gg e Gg
Let us define the function ¢(s) = sup |u(x)|. Then from (3.2.21)—(3.2.22) it follows
zeGy
that L
V(se) < () + Cro” lullgz + K(o), € (0,1). (3.2.23)
Further we apply Lemma 1.24. Letting v = >0, R = p, § = é, a="75 A=
Cillull;,ge, B = K(o) from (3.2.23) we obtain the validity of required estimate
(3.2.1) in the case 0 < t < 2. Thus, the proof of Theorem 3.4 is complete. |

3.3 Global integral estimates

In this section we derive a global estimate for the Dirichlet integral.

Theorem 3.5. Let u(z) be a weak solution of problem (L) and assumptions (a)—(c)
be satisfied. If, in addition, h(x) € La(Z0), g(z) € L2(0G), then the inequality

/mvmwx+/”f%ﬂ@m&ﬁfvfhawﬁ
G

3o oG

<c /ﬁ@m+/ﬁ@m+i/#@@+i/ﬁ@@ (3.3.1)

G G >o oG
n .
holds, where constant C > 0 depends only on p,n,v., || >, |a*(x)|? and
=1 Ly/2(G)

meas G, diam G.
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Proof. We put in (I7) n(z) = u(x) and apply the classical Holder inequality. By
assumptions (a), (c), we obtain

/u\Vude—k/U(Tw)uQ(x)ds—i-/V(:J)u2(x)ds (3.3.2)

oG
/JZW \|u\|w|dx+/|u\|h |ds+/|u\|g \ds+/\UHf )/ d.

Further, by assumptions (b), (c), the Cauchy inequality and the integral Holder
inequality, we have:

/ JZ( el Vulds < 5 [ viVaPds+ /Zla 2l da

a V=l G
. ) n » » ] »
< 9 /1/|Vu|2dx—|— 9w, /(;al(l«”?) de | - /\u|p—2dx ,
el G = G

p > 2, for all ¢ > 0. Now we apply the inequality (1.6.5), Theorem 1.16; hence it
follows that

n

> la' (@)

i=1

1
/ Z|al )2 ul|Vuldx < /V\Vu\de—i— 9e12

vy
G

X / (6v|Vul* + ¢(8,p,n, meas G)u?) dx, Ve >0, V6 >0, p>n. (3.3.3)

L, /2(G)

G
= , then from (3.3.2)-(3.3.3) we get
‘(2)]?
Lp/2(&)
(1—6)/1/‘vu‘2d$+/O-(:J)UQ(I)dS—F/’Y(:})U2(I)dS
G 3o oG

Sc E?p?n7y*7

> o @)

+/\u|\g(x)|ds+/|u\|f(:r)|dw (3.3.4)
oG G

,meas G /\u|2dx+/\u|\h(x)\ds
) G o

LP/Q(G

By the Cauchy inequality, by virtue of the assumption (c), we have
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JVnm@d$1{<J”$’m>(¢g&ﬂmm0ds
< ;/g(:))UQ(x)dS—F di;:ZG /hQ(x)dS;
Yo Yo

J”fﬂu>(¢waﬂam)ds

<) [ "W+ T [ P

r 219

oG

1 1
Jrulls@ds < ) [lufas+ ) [ 17Pde
G G G

Hence and from (3.3.4) with ¢ = } we derive the required inequality (3.3.1) O

oG

Now we will derive a global estimate for the weighted Dirichlet integral.

Theorem 3.6. * Let u(x) be a weak solution of problem (L) and X\ be as above in
(2.2.1). Let assumptions (a)—(c) be satisfied with function A(r) that is continuous
at zero. If, in addition,

00
f(z) e W_(G), /ro‘_th(x)dS < 00, /ro‘_ng(x)dS <oo, 4—-n<a<?2

>o oG

o1l

then u(z) € W,_o(G) and

/a (r*72|Vul® + 7 *u?) dz + /ra_ga(w)uQ(x)ds + /ra_?’v(w)uQ(x)ds

G o oG
SC{/ (v + (1 + %) f*(2)) dx—i—/ra_th(x)ds—i—/ro‘_lgz(x)ds}, (3.3.5)
G o oG
where the constant C' > 0 depends only on p, n, v., p*, as, vy, a, A,
3 |at(z)]? and meas G.
i=1 L, /2(G)

Proof. We put in (II) n(x) = re2u(x), e, = r¢ 2uy, + (o — 2)r2=3 Iir_fliu(x).
As a result we have

ISee also below Subsection 3.5.2
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/arg_z\Vu\2dx+/r_1r?_2a(w)u2(x)ds+ /r_lrg_zfy(w)u2(x)ds

G 3o oG

2 —
_ 2"/@7@—4@- = el (u2).

(2—a) / 70))re (@ — eli)uq, u(z)dx
G

+ /7"?_2 x)ds + | r¢%u(x)g(x)ds. (3.3.6)
3o oG

We transform the first integral on the right-hand side by integrating by parts:

ou?
oM i — el
/ars (x; —¢ )axi dz
G

Ou? Ou?
= /a+r?_4(aji—5li) al;fdx—i—/a ro 4 (x i—el)ax_dx

Gy G-
=— /au2 86‘ <r§‘_4(3:2- - 512-)) dzr + / apudre Yz — eli)nids
G v G +
+ / a_u2_1"§‘_4(3:2- —el)n;ds
OG _
=— /au2 36 (r?_4(xi - Eli)) dx —l—/ 2ro~ (2 — ely)nds
G . oG
+ [a]s, /U27"a Hai — eli)nids, (3.3.7)
o

because of [u]s, = 0. Now, we make elementary calculations:

1) 4 (r§_4(xi—€li)) =nre~ 4+ (a—4)(z; —eli)re™ Smi—eli = (n+a—4)re 4

ox; Te

= ny i) = 0, (@i — elng| = 6;'(wi — el;
. cos(Zp, x;) 7 (x — el)n . "z 5 )Eo

. =0, since X9 = {z, =0} NG and [,, = 0;
0

2) because of n;

= (zp, —ely)

= x,n
o




3.3. Global integral estimates 47

3) from the representation 0G = I' U Ty and by (1.2.9), (x; — eli)n; =
r
—esin °), therefore ’

— . Wo — _
/auQT? Y(z;—eli)nids = —e sin 5 /auzr? 4ds+/au2r? 4($i—€li)nid8~
e rd Ty

Hence and from (3.3.7) it follows that

2 o 2 a)d—n—
) a /ar?_4($i — ) 3;:. de — (2 —a)( , n— o) /ar?_4u2dx
G a
2—a . wo 2 a—4 2-« 2 a—4
—e , sin, [autrg ds + 5 aurd~*(x; — ely)nids.  (3.3.8)
rd Lq

From (3.3.6), (3.3.8) with regard to 4—n < a < 2 we obtain the following equality:

2— 1
/ar?_z\Vu\de te, % sin u;o /au2T?_4ds + / r¢ 2o (w)u?(x)ds
T

G Fg >0

1 9 _
+ / ey (w)u? (x)ds < 9 “ /au2T?_4(xi —el;)n;ds
r

oG Ty

+(2-0a) /(aij (x) —a¥ (0))umjr?_4(a:i —elj)u(z)dx (3.3.9)
G

G G
—l—/r‘;_zu(m)h(x)ds—i— /r?_Qu(gc)g(x)ds.
2o oG

Next we estimate the integral over I'y. Because on I'y:
re >hr>hd = (a—3)nr. <(a-3)n(hd),

since a < 2, we have r®=3|p, < (hd)*™* and therefore:

2—«

92— o
5 /au2r€a—4(xi —eli)n;ds < @ /ar?_?’qus < ) @ (hd) 3/au2ds

Ta Ty Ta

< 05/u2dx+5/ |Vul?dz, V6 >0 (3.3.10)
Gd Gd
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by (1.5.12). By the Cauchy inequality and vy(w) > vy > 0,

ug < (Té \/’;(w) |g|> (T_é \/’Y(W”U‘) < gr_lfy(w)u2 + 251V01"g2(x), Vo > 0;

taking into account property 1) of r. we obtain

) 1 1
e 2lullglds < [ 97 y(w)udds + r*=1g2(z)ds, V6 > 0. (3.3.11)
2 r 26vg
oG le; oG
Similarly, because of o(w) > vy > 0,
/Ta‘z\ul\h(w)\ds <0 /ra—Zlg(w)Ust—i— /ra_1h2(:c)ds V6 >0
c -2 € T 251/0 ’

3o >0 3o
(3.3.12)

0 1
/7‘?_2Uf(x)dx < /ar_27"?_2u2dx—|- 2.6 /raf2(x)dx, vo>0. (3.3.13)
G G : G

Further, we use the representation G = G¢ U G4. We estimate integrals over G¢.
By assumption (b) and the Cauchy inequality, we obtain

/{ (a¥ (z) — a”(0)) (re *ua,ua, + ¢ *(zi — els)u(z)uq, )

+ 12720 (2)ug, u(z) + 7o 2a()u? (:c)}dx

<A@ [ a(re P 42l futa)| + 2Vl uo)

+ r_2r?_2u2(x))dx
< 2A(d) / a (ré 2| Vul? + r2re 20 + e ?) da (3.3.14)
Gg

Next, we estimate integrals over G4. By assumptions (a), (¢) and the Cauchy
inequality and taking into account the inequality (3.3.3), we get

/{ (a”(z) — a”(0)) (r& 2ug,uq, + e (z; — eli)u(z)us, )

Gq

+ 727 20" (2)ug, u(z) + T?_QG(I)UQ(I)}dx
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Su*/(3T§_2\Vu\2+r?_4|u\2) dx+/rg-2|u\|vu| > lai(x)[?da
Ga Gy i=1

> ld @)

-/(V|Vu|2+u2) dz. (3.3.15)
i=1

Lp/Z(G) Gd

SC p7n7y*7l"t*7a7d7

Thus, from (3.3.9)—(3.3.15) we derive:

2 — 1
/ are 2| ufde +< Y sin / aure=tds + / re =20 (w)u? (z)ds
T

G rd 3o
1
+ / TT?_2’Y(W)U2(1‘)(15
oG
< 2A(d) / a (re 2| Vul + r 2820?12 da (3.3.16)
Gg

| (v|Vu* + u?) dx
Ly2(@)/) G4

1 1 1)
+ %00 /ro‘_lgz(x)ds—i— %00 /ra_th(x)ds—i— 5 /ar_Qr?_Qqux
lel o G

> ld'(@)?

i=1

+C p7n’l/*’/"”*7a7d7

1 a £2 4 a—21 2 6/ a—21 2
+ 5 /7‘ fo(x)dz + 5 /1"E Ta(w)u ds + o | T r’y(w)u ds, V6 > 0.

2a,
Zo oG

By the inequality 7. > hr (see §1.3), we have r®=% < h=2r=272=2. Hence, by
Lemma 2.5, from (3.3.16) it follows that

1 1
/ar?_2|Vu|2dx—|—/Trg_za(w)u2(x)ds+/ 2y (w)u? (z)ds

G 3o oG

< (A, wo) (6 + A(d))
X {/ar?_QVu2dx+/r_lr?_Qa(w)UQ(x)ds+ /r_lr?_zfy(w)Ust}
G le]

3o

| (V|Vul +u®)dz (3.3.17)
Lp/2(G) G

+C p7n7y*>u*7a7d7

> lai (@)
i=1

1 1
a—1_2 a—171,2 @ r£2
/7‘ Flayds + 0 /7‘ PA@)ds +, o /7" f2(x)dz, V6 > 0.
oG o

L1
2(5V0
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Choosing § = 40()\1 o) and next d > 0 such that, by the continuity of A(r) at zero,
c(A,wo)A(d) < | we derive

1 1
/ar?_2|Vu|2dx—|—/ r‘;_za(w)UQ(x)ds—l—/ ro 2y (w)u?(z)ds
7 7
G 2o oG

n

Y ld' (@)

i=1

S C| Py, Vs, 17, Qs iy A, (V|Vu|2+u2+7‘af2(x)) dx

Ly/2(G) G

1 a—1_2 1 a—172

+ r* g% (x)ds + r®  h*(x)ds p, Ve > 0. (3.3.18)
1

o
o

Now, we observe that the right-hand side of (3.3.18) does not depend on . There-
fore we can perform the passage to the limit as ¢ — +0 by the Fatou Theorem.
Then we get

/aro‘_2|Vu|2dx+/ra_?’a(uJ)u2($)d3+/Ta_?)’Y(W)uz(x)ds
4 o aG

n

> la'(@))?

i=1

< C p,n,ll*,,u*,a*,a,)\,

{/ IVl + u? + 2 f2 () do

L,/2(G) G

+ ! /ra_lgz(x)ds—i- ! /ro‘_lh2(x)ds}. (3.3.19)
) )

oG o

Applying Theorem 3.5 and Corollary 2.4 (see inequality (2.2.3)), from (3.3.19)
follows the required estimate (3.3.5). O

3.4 Local integral weighted estimates

Theorem 3.7. Let u(x) be a weak solution of problem (L) and assumptions (a)-
(d) be satisfied with A(r) which is Dini-continuous at zero. Let A be as above in

(2.2.1). Then u(z) € W,_,(G) and there exist d € (0, ) and a constant C > 0

1
depending only on n, s, \, a.,wo and on [ Ay) dr such that the inequality
0

/ o (P VP + (@) de + / P (w)u(z)ds + / Py () (2)ds

Gg =g rg
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. . o, if s> A,
<O+ 72+, o+, 1) 3 (}). #s=2 (341
0%%, ifs<A

holds for almost all ¢ € (0,d).

ol

Proof. By Theorem 3.6 u(z) € W,_, (G), so it is enough to prove the estimate
(3.4.1). Putting n(x) = r?~"u(x) in (I1),, according to the definition (2.4.10) we
have

Ulo) = Q/W(w)g:f

o+ /rQ_”u(x) (a”(z) — a¥(0)) ua, cos(r, z;)d<,

r=p

Q 2

+ /TZ_”u(x)g(x)ds + /TQ_"u(x)h(:r)ds + /{—TQ_" (a¥ (z) — a”(0)) ug, ug,
rg =5 Gg

+ (n = 2)r "u(2)a” (2)zius, + r* "u(z)a' (z)uq, +r* "a(z)u’ (z)

- Tz_"u(x)f(x)}da:. (3.4.2)

Now, we transform some integrals from the right-hand side:

(n— 2)/r_"u(x)aij (z) iUy, do

at
=(n— 2)(4 g <; : gﬁ + u(z) (a” (z) — a”(0)) uwj> dx; (3.4.3)

by the Gauss-Ostrogradskiy divergence theorem,

o 2
/ar_"aci 81:: dx = — / au®(z) (nr™" —nr™") da + Q_"/auz(x)xming
G¢ ' Gg Q,

+ [a]go/r_”UQ(x)xmids+/ar‘”u2(x)xmids. (3.4.4)
=8 rs

Hence, since by Lemma 2.1

ez

=0 and n;

=0; XN,
2,

= x;cos(Tp,x;)| =y

o

n—2 . ou? n—2 9
5 /ar Z; oz, dx = ) /au (2)d. (3.4.5)
Ge Q

:07

re o

o

we have
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By a(z) < 0 and Lemma 2.12, from (3.4.2)—(3.4.5) we derive

V(o)< U/ @)+ ¢ [ ula) (a9 (2) = a¥(0) s, costrm)is,
2,

+ / P2 u()g(0)ds + / () h(z)ds + / {— (a¥ (@) = a¥(0)) tayus,

rg =8 Gg

+ (n=2)r "u(z) (a” (z)—a"(0)) ziuq, +r* "u(z)a’ (z)uq, —r2_"u(x)f(x)}d$.
Hence, by virtue of assumption (b), it follows that

U(e) < 4 U'(e) + eA(e) [ alullVuld0r+ [+ fu(a)lg(a)ds

Q re
—|—/TQ_”\u(x)Hh(des+cl(n)A(Q)/a(rQ_”\Vu\Z +r1_”|u\|Vu|) dx
bH Gg
—|—/7‘2_"|u(x)|\f(x)|dx. (3.4.6)

Gg

Further, we shall derive an upper bound for each integral from the right-hand side.
Applying the Cauchy and Friedrichs-Wirtinger inequalities (see (W)s3) according
0 (2.4.12), we obtain

1
/ag|u\|Vu|dQ <, /a (0®|Vul® + [ul?) dQ < e2(N)oU’ (0); (3.4.7)
Q Q
/arl_”\uHVu\d:r < /a (r*7"|Vul? + 77 "ul?) dz < es(\)U (o) (3.4.8)
Gg Gg

by virtue of inequality (2.2.3); and for all 6 > 0,

/TQ_”\qu\ds:/(T V() ( : \/vl(w)g> "

8 8
<6/r1_"’y(w)|u\2ds—|— ! /7‘3_"|g|2d5' (3.4.9)
-2 201 '
3 3

Porulilds = [ (r'5 o@ll) (#501 Jgl) ds
Vo(w)

=8 =g
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) 1
< 5 /rl_”a(w)|u\2ds+ 2% /r3_”\h|2ds;
=5

0
/r2_"|u(x)|\f(x)|dx< 0 /ar—n|u\2dx+ ! /r4_”\f|2dx
— 2a. 26
& G &
< o V() + 55 [l
=90, OTos | .
&

by virtue of inequality (2.2.3). Thus, from (3.4.6)—(3.4.11) we get

(1 +cs(N)A(0) U'(0)+

1= ca(m A )6+ A(@)]Ul) < )

1 1 1
+ /7‘4_"\f|2dx + /r3_"\g\2ds + /r3_"|h\2ds , V6 > 0.
26 1) Vo
Gs rg %3
However, by the condition (d),

1 1
/r4_”\f|2daj+ /r?’_”\g\st—i— /r3_”\h|2ds
20 Vo

Gg rg D

1 2 1, 1.5 2
< + + T hi{|-0*°
s 2500 <f1 1/091 Yo 1 o,

93

(3.4.10)

(3.4.11)

(3.4.12)

where ¢y depends only on meas $2, meas 082, meas oy. Hence we derive the differ-

ential inequality (C'P) from §2.4 with

P(o) = 2;\ [1—c5(n, A ax) (8 + A(0))], V6 >0; N(g) = 0;

)\ 1
Co h%) 7% s > 0;
S Vo
:C{/ w4 1+ f2(2)) dx+/r3_"h2(x)ds+/r3_”g2
G N le]
due to (3.3.5) with « =4 — n.
1) s > A. In this case we put § = ¢, for all € > 0. Then

Plo) = 2; L= es(m A a2) (e + A(0)));

1
(o) = 200 <f12+y h2) emime

(3.4.13)

(x)ds},
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Since P(p) = 2;‘ — Kég), where KC(p) satisfies the Dini condition at zero we obtain

—Q/TP(S)ds:—Z)\ln (;) +]Kis)ds§ln(§>2A+O/ClKir)dr —

2)
exp —/P(T)dT < (Q> exp
T
e

‘We have also:

d T d
Ao K 1 1
/Q(T) exp (— /P(J)dU) dr < cofto (f12 + g+ h%) o /T2S_2/\_E_1d7'
S 1% IZ0)
0 J

4

)\CoKo 1 2 ds=> 2
h .
=~ <f1 0 VO 1 s — )\Q )

since s > A\ and we can choose € = s — .

Now we apply Theorem 1.21: then from (1.7.1), by virtue of the inequalities
deduced above and according to (2.2.3) with & = 4 — n, we obtain the statement
(3.4.1) for s > \.

2) s = A. In this case we can take in (3.4.13) any function 6(g) > 0 instead
of 6 > 0. Then we obtain the problem (CP) with

Plo) = 21 ;6(9)) —cs A;Q); N(o) = 0;
Q)= o (1 1) 5 0

Now, we choose §(9) = L , 0 < p < d, where e is the Euler number. Then
2)\111( )

we derive
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exp<—ZP(a)da) (f)”igi% exp<C5O/d‘A7(_T)dT>,
d

exp<— /d P(T)dT) (g)2A ln(eg(i) exp<05 0/ AST)dT)

4

IN

IN

and therefore

[ oo (- [ pioria)r

d
1 1
<cs [T+ gi+ b @Dln(ed> / i
Yo Yo e 76(T) ln(ed)
o T
1 1 d
< 2\ (f12 + Vogf + Vohf) 0P lnz(eg )

Now we apply Theorem 1.21, and from (1.7.1), by virtue of the inequalities deduced
above, we establish

N 1 1 1 1
Ul)<cUo+ fi+  gi+ h)ePIn® | 0<o<d< .
Y0 ] 0 e

Thus, the statement (3.4.1) for s = X is proved.
3) 0 < s < A. Analogously to case 1) according to (3.4.13) we derive

d

e <_ /d73(7')d7'> . (s)zx(l—é) exp (C5 / Air) d7'> _ 67(5)»(1—5)'

0

Therefore, if we choose ¢ € (0, )‘;S), then

[ awron(- [P

d
1 1
< co (f12 + V @2+ " h?) 51 (1=0) /725_2/\(1_5)_1d7
o
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Now we apply Theorem 1.21, and then from (1.7.1), by virtue of the inequalities
deduced above, we get

- 1 1 s
Uo) < ¢ <U0Q2'\(1 D+ <f12 + VOQ% + Vo h%) s )
1 1
<cwolo+fi+ gi+ hi)e*,
1Z0) 1Z0)
since § € (0, *1*). Thus, the statement (3.4.1) for s < X is proved. O

3.5 The power modulus of continuity at the conical point
for weak solutions

3.5.1 Proof of Theorem 3.3

Let us define the function

o, if s> A,
P(o) = g*ln(é), if s = A, (3.5.1)
0°, if s<A

for 0 < p < d.
By Theorem 3.4 for the local bound of the weak solution modulus,

sup [u(z)] < € { o™/ ullz.cg + ** =/ Fly 2. + 0 (lalloors + I1l5) }
Gg
(3.5.2)

) ja’ ()|

?

where C = C (n,u*,,u*,p,

n

) and p > n. Next, by Theorem

Lp/2(G)
3.7,

1/2
0 "2 lullzqg < 2”/2</T_”u2($)dw>

Gg

< O(llullzg + fi + h) (o) (35.3)

Lo
\/Vog1 V10

Further, by the assumption (d),

h1> ¥(0)-
(3.5.4)

. 1 1
PP lyy + o (lolns + Wlsg) < (it ot
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Now, from (3.5.2)—(3.5.4) it follows that

sup [u(@)] < C(Jlullz + /i +
Gl

1 1
) (o)
\/Vogl + s ¥(o)
Putting |z] = } o we get finally the required estimate (3.1.2).
Now we consider two sets GZ% and G§/2 C GZ§4, o0 > 0. We perform the

change of variables z = oz’ and u(px’) = 1(p)v(a’). Then the function v(z’)
satisfies the problem

.. . 2
8‘?% (a”(gm’)vgﬂ/j) +ea' (0" )vy + o®a(ox’)v = 7 f(oa'), x € G},

[v(2')]s2 =0, [gy”,]zi“ + ‘Il,lo(w)v(gc’) = ¢é’g)h(gx’), x € 2%/4’ (L")

1/4
g;/ + ‘wl,"y(w)v(x’) = w(gg)g(px/)’ S F§/4
By the Sobolev Embedding Theorem 1.19,

sup |V’U(x/)| < CHU”wz,p(Gi/z), p>n. (355)

1
m’EGl/2

Oun the strength of the local LP a priori estimate [66, 67] for the solution of the

equation of the (L") inside the domains (G?M)i and near smooth portions of the

boundaries E§/4 U F§/4 we have

HUHWM(G}M) (3.5.6)
4
< ey VATt + Ilwiosinscs o +llglwiosmacrs o } + ellvhuot, o

Returning back to the variables z, from (3.5.5) and (3.5.6) it follows that

sup |Vul
GQ

e/2
1-n/p) -2
<co {Q ||u||LP(Gz§4) + ”pr’Gi% + HQHV;LUP(FZ;%) + HhHV;Bl/P(ZE%)}
and
QZ_n/pHUva,O(GgN)

2—n/p) —2
< co {Q lulleng2e,) + 11l c2e, + lgllviimpae ) + \lh\lv;;/p(zz;%)}

or
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sup |Vul

o
Ge/2

-1
< o {Julo 2o, + 1fllvy,, (e T 19y coo ) + Ikl oo ) }

and

HUvayzpfﬂ(Gi/z)

< _ _
< eflvloas, + Wlhvy,, iz * Mol gy + Wil oo -

Hence, by virtue of (3.1.2), (3.1.3) and assumption (d), desired results (3.1.4) and
(3.1.5) follow. O

3.5.2 Remark to Theorem 3.7

Now we can state that Theorem 3.6 is true for « € (4—n—2AX, 2], if a neighborhood
of the conic point is convex. In fact, from estimate (3.1.2) we obtain u(0) = 0
and therefore we can apply Lemma 2.10 to the proof of Theorem 3.6 for o €
(4 —n—2X,4—n). In this case the equality (3.3.8) can be rewritten, by virtue of
(2.3.8), in the form of the inequality

2 — Ou? 92 _
@ /ar?“l(xi —ely) 81:11; dx < ) @ /auQT?_‘l(xi —ely) cos(T, x;)ds

rg

where H(\,n,a) is determined by (2.3.3). By virtue of the convexity of G¢ and
the first property of . (see §1.3), we have r. > r. Therefore (3.3.17) takes the form

(1 _@- 0‘)(42‘ "= g, a)) { CZ ar® 2|Vl + / ir?_Qa(w)UQ(x)ds

2o

+ / irg—zv(w)uQ(x)ds} < e(N\wo) (6 + A(d)) {/GT?_2Vu2dgc
G

oG

+/r‘1r?_20(w)u2($)ds+/T_17‘?_2V(w)u2d5} (3.5.7)
e,
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n

Y ld' (@)

i=1

+C p7n’l/*’/"”*7a7d7

/V|Vu|2—|—u ) da
p/2(G G

1 a—1 2 1 172 / oo
* 951 /7‘ g~ (x)ds + %00 /r W (yds+ o [ 1 (x)dz, V6 > 0.
G

oG 3o

But, by (2.3.3) and 4—n—2\ < < 4—n, we verify that 1— ®~E""") f(\ n, a)
> 0. Therefore from (3.5.7) we conclude the validity of (3.3.18) and hence we obtain
the required statement.

3.6 Appendix

We consider in detail the two-dimensional transmission problem for the Laplace
operator in an angular domain and investigate the corresponding eigenvalue prob-
lem. Let domain G' C R? lie inside the corner G = {(r,w) |r > 0; —N<w< DY,
wo €]0,27[; O € OG and in some neighborhood of O boundary G coincide with

sides of the corner: w = —“‘g’ and w = “50. Let us write

Ly ={(r,w)|r>0; w::l:a;O}, Yo ={(r,w)|r>0; w=0}

and put o(w) o= o(0) = o = const > 0, y(w) L= M= const > 0. We
0 w=

consider the following problem: ’
aiAui:fi( ) x € Gy
[u }20 0, [ {?Z ]E + %u(z) = h(x), = € Xo; (3.6.1)
azar % + Myius(z) = g (x), zelL\O,

where oy € {0;1}. It is well known that the homogeneous problem (f(z) = h(z) =
g(z) = 0) has a solution of the form u(r,w) = 7 (w), where A\? is an eigenvalue
and ¥ (w) is an associated regular eigenfunction of the problem

O+ A2y (w) = we (o, w0 );
O+ A2Pp_(w) = we (— “0,0); (3.6.2)
¥1(0) =v-(0); a4 (0) — a9 (0) = o¢p(0);

iaiailﬁ/(i U'éo) + ye(£ U’é") =0.
1) case A = 0. In this case we have ¢4 (w) = Ay - w + By. From boundary
conditions By = B_ = B and for the finding of A;, A_, B we have the system
a+A+ —a_A_—oB :0,
(aray +9v4) Ay +94B =0,
— (a_a_ + “’Zf”y_) A_+~v-B =0.
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Since Ai + A% + B? # 0, the system determinant must be equal to zero; this
means the equality

wo wo wo
V+) (a_a_ + W—) +ay+ (a_a_ T o 7—)

2
wo
+a_y- (a+a+ + 5 *y+) =0 (3.6.3)

g (a.,.a.,. +

holds. Thus, if equality (3.6.3) is satisfied, then A = 0 and we have the correspond-
ing eigenfunction

a—’Y—{(w_wgo)rY-‘r_a-‘ra-‘r}a w e 07“)20:|7

Y(w) =
) a+’y+{(w—|—‘”2")7_—a_a_}, w € —““20,0}, if o = 0;

4 (aca + Py ) (w+ %) = ) (agar + Pvy), we |0, “’20},

w(w) = w a— a4 y4 w w
Y- (a+a+—|— QO/Y"F) (UJ_ o )_ o (a_a_+ 20’7—)7 we |- 20>Oj|7
if o #£0.
2) case A # 0. Solving the problem equations we have 14 (w) = Ay cos(Aw)+
By sin(Aw). From boundary conditions we obtain Ay = A_ = A and for the

finding of A, By, B_ we have the system

O'A — >\G+B+ + )\G_B_ = 0,

(’y+ cos /\‘2”" — Aataq sin ’\‘2”") A+ (’y+ sin )‘g" + Aayaq cos /\‘2”") By =0,
(v-cos 250 — Aa_a_sin 25°) A — (y—sin *° + Aa_a_cos *§°) B =0.

Since A% + B% + B2 # 0, the system determinant must be equal to zero; this
means that \ is determined from the transcendence equation

oW aya—ara +v47-) + N ag —a-)(a—ayy — apayy-)
+A[o(a—a—vy +ayary-) + (ay +a ) (77— — Naja_aga_)]sin(Aw)

+o(A\ara_ara —yy-) + A (ay +a-)(a—a—vs + ataiy-)]cos(Awo) = 0.
(3.6.4)

Now we investigate some special cases of boundary conditions.
The Dirichlet problem: ay =0, v1 = 1.
Equation (3.6.4) takes the form o (1 — cos(Awp)) + A(a+ + a—) sin(Awg) = 0. Hence

ifo=0
we derive A = ;\Jg’ " 0’ where \* is the least positive root of the tran-
, 1o >0,

Awo — _ ay+a_

scendence equation tan o A, and the corresponding eigenfunction
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sin)\(w; —w) , we |0, “’2"],
Y(w) = By the graphical method (see Figure
sin)\(WQ0 —l—w) , WE —‘”20,0}.
2), we observe that [ < \* < ZTOF

The Neumann problem: v+ =0, aL = 1.

Equation (3.6.4) takes the form o(14cos(Awp))—A(a4+a—_) sin(Awg) = 0. Hence we

T ifo=0, ) .

derive A = ¢ @0" where \* is the least positive root of the transcendence
A, ifo >0,

equation tan A;’O = a+j_a7 . i For A\ = :}TO we find the corresponding eigenfunction

a_sin’;;“, w € |0, “é‘)],
P(w) =

@) arsin™,  we =9 O}
+ wo ? 2 .
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For A = A\* we find the corresponding eigenfunction

cos \* (w— “’20), w € |0, “”20},

blw) = cos/\*(w+“’2°), w e —“’20,0}.

By the graphical method (see Figure 3), we observe that 0 <A* < 7.

|
|
l
=) |
3 I
~ I
a0 |1
e
(I
> |
|
|
|
|
|
|
|
|
|
!
| .
: A
|
|
| | |
| T T
! Wo Wo
Figure 3
Mixed problem: ay =1, a— =0; v =0, v— = 1.
Equation (3.6.4) takes the form
osin(Awp) + A(ag + a—) cos(Awp) = Mag —a_). (3.6.5)

a

Ifo =0, wefind A = 30 arctan \/ a; < 50 and the corresponding eigenfunction

B cos(Aw) + \/Z; ssin(Aw), we [0, ““20]7

vlw) = cos(Aw) + \/gt sin(Aw),  we [_WQO’O]



3.6. Appendix 63

If 0 > 0, then A = \*, where \* is the least positive root of the transcendence
equation (3.6.5), and the corresponding eigenfunction

s Awo wo wo
sin 5 cos)\(w—z), w € 0,2},
Y(w) =

A .
cos 250 sin A (w+ %), we —“’20,0]

Rewriting equation (3.6.5) in the form tan >‘b2“° = Jo 2/\a’+ , by the graphi-
aya_+o? —o
cal method (see Figure 4), we observe that 50 arctan \/ er <A< L
|
|
|
|
(=} |
3 ol
~ I
o0 |
= |
I
> |
|
|
|
|
|
|
|
|
!
|
| 2Xa
y =
| \/ 4N2a2 4+ (32 - 3
| fo- Ao
: | | |
| T T
Iu)O wWo
Figure 4

The Robin problem: ax = 1; v4 # 0.

Direct calculations of the above system will give:

1) fag Z+. In this case we get either ¥4 (w) = aysin(A*w), where A* is

the least positive root of the transcendence equation tan ()\w;) = —)\f/i and
from the graphical solution (see Figure 2) we obtain | < A* < i’;, or Py (w) =

cos(\*w) =+ aita S“‘&{f”’) , where \* is the least positive root of the transcendence
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equation
ton ()\wo> _\ o+ i(ay +an) .
2 a+(a+ + a_)>\2 — Y40
In particular, for ¢ = 0 we have: 1+ (w) = cos(Mw), tan (A4 ) = as L0 <N < < 2
(see Figure 3).

2) z"’ £ Z+. In this case we get A #0 = ¢(0) # 0 and

Mag cos A (w— ) — v sinA* (w— ) wo
= ; 0, );
Ve w) May cos (M50) + 4 sin (V50) e ( 2
A*a_ cos A* (w—l—‘”")—i—v sm)\*(w—i—wo) wo
- = ) - 70)7
v-w) Aa_cos (M) + - sin (V50) e ( 2

where A\* is the least positive root of the transcendence equation

)\a+ tan (15°) — 4 . Xa_tan (5°) =y~ o

)\a+ +7+tan()‘°“°) " Aa— + - tan (*4°) P
In particular, in the case of the problem without the interface (ay = a— = 1,
o = 0) we obtain the least eigenvalue as the least positive root of the tran-
A(v++v-)

scendence equation tan(Awg) = N2y and the corresponding eigenfunction

Y(w) = Acos[A(w— )] —v4sin[A(w — %)] (see §10.1.7 [14]). By the graphical

method (see Figure 5), we observe that gy <A< -

wo

3.7 Examples

Let us present some examples which demonstrate that the assumptions on coeffi-
cients of operator £ are essential for the validity of Theorem 6.3.
Let the domain G C R? be as in §3.6.

Example 3.1. Let us consider the function

A=1)/(A+1)
1 _ 0
) a_, wel[0,%9], ai>0’>\:7r

a4, (JJE[ w20’0:|7 C‘JO.

u(r,w) =1 (m

T

-sin(Aw) - {

By direct calculations (see also the investigation of the Neumann problem in Ap-
pendix, §3.6), we verify that it satisfies the transmission problem

o2, (a9 (@)ug,) +al(@)ug, =0, z€G\Dp;
[u}zo =0, [gﬂgo =0, T € Yo;
oy =0, r €06\ {SHU 0},
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where

2a x3 2a 1T

1y . 2 1208 _ 210y _ . 122
a(z)=a A+1 r2In(1/r)’ (#) = a” () A+1 72In(1/r)’
2a z?

: ) =ad, i,j=1,2:
A1 r2I(1/r) O =abi, ij=12

a**(z) = a—

a'(z) = —iA(r) cosw, a’(r)= —iA(r) sinw,

d
B 2a A(r)
Alr) = A+ 1)In(1/r)’ = 0/ r dr = +oo0.

Clearly, the equation is uniformly elliptic in G¢ for 0 < d < e~2 with the ellipticity
constants v = a — 1n(21a/ d) and p = a. Thus, we observe that leading coefficients

of the equation are continuous but not Dini-continuous at zero. From the explicit
form of solution u we have

u@)] < ez, ullve, (@) < co** (3.7.1)

P,2p—n

for all £ > 0. This example shows that it is not possible to replace A — ¢ in (3.7.1)
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by A without additional assumptions regarding the continuity modulus of leading
coefficients of the equation at zero.

Example 3.2. Let (A, ¢(w)) be a solution of eigenvalue problem (3.6.2) (see Ap-
pendix, §3.6). Then function u(z) = r* In(! )¢ (w) is a solution of the transmission
problem

Au = =222 (w), z € G\ Xo;
[uls, =0, [afe], + Tu(z) =0, =€ ; (3.7.2)
aa J% + Lyus(z) =0, 2 €9G\ {Zo U0},

where a >0, 0 >0, v >0, « € {0,1}.
All assumptions of Theorem 3.3 are fulfilled with s = A. This example shows
the precision of assumption (d) and estimate (3.1.2) for s = A.



Chapter 4

Transmission problem for the
Laplace operator with /N different
media

4.1 Introduction
In this chapter we investigate the behavior of weak solutions to the transmission

problem (LN) for the Laplace operator with N different media in a neighborhood
of the boundary conical point:

alu — pu(z) = f(x

~

)

N—1
x € G\ kgl Dks

s, =0, Sl = [aln ]+ b Au(@) = hi(e). €,
k=1,...,N—1;

Blu] = a(z) - af% + ‘i"y(w)u(x) = g(z), z € 90G\ {0},
(LN)
where a > 0, p > 0; az) = {(1): ii Z g’

A principal new feature of this chapter is the derivation of sharp estimates
for the (LN) solutions in n-dimensional (n > 2) conic domains with N different
media (N > 2). We demonstrate some examples.

Let G C R™, n > 2 be a bounded domain with boundary OG that is a
smooth surface everywhere except at the origin O € dG and near the point O it
is a convex conical surface with vertex at O and the opening wy. We assume that

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 67
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_5, © Springer Basel AG 2010
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N
G = | G, is divided into N sub-domains G;, i = 1,...,N by (N — 1) hyper-

i=1

planes g, k = 1,..., N — 1, where O belongs to every X; and G, N G, = 0,
1 # j. Let ¢; be openings at the vertex O in domains G;. Let us define the value
Ok = p1+ P2 + - - - + P, thus wy = O . In addition to Chapter 1 we introduce the
following notation:

Q;: a domain on the unit sphere S"~! with boundary 9Q; obtained by the
intersection of the domain G; with the sphere S"~1 (i = 1,...,N); thus

N
Q=U
=1

N-1
Y= Yp,where By =Gn{w1 = =0k}, k=1,...,N - 1;
k=1

J:]:illak, where o, = X N Q;

Gt ={(r,w)|0<a<r<bweQ}NG: alayer in R";

[ ={(r,¢)|0<a<r<b;¢edN}NAIG: the lateral surface of layer G%;
Ga=G\GE Ty=0G\T¢, d> 0;

(G ={(rw) |0<a<r<bweQ}nG;i=1,...,N;

=GNy Ny =2\%g, d > 0;

(E)L =G NS, k=1,...,N—1;

D C 0G: the part of the boundary 0G where we consider the Dirichlet
boundary condition.

u(@) = ui2), v € Gi; f(2) = fix), v € Gi a|

= a;, etc.

i

[u]s, denotes the saltus of the function u(z) on crossing Xy, i.e.,

s, = @] i@ @] = )
Uk-‘rl(x) PPN Gk+191IH—1>I€Ek U(:I:)’

{a 887% } denotes the saltus of the co-normal derivative of the function u(z)
s,
on crossing Y, i.e.,
ou Ouy, Ouj41
a == —a N )
3ﬁk T k 3ﬁk Yk kel 6nk Yk

where 77, denotes the outward unit vector with respect to Gy normal to Y.
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Y

Figure 6

Without loss of generality we assume that there exists d > 0 such that G¢ is
a convex rotational cone with the vertex at O and the aperture wy, thus
Wo w
rd = {(r,w)‘x% = cot? 20 z2; 7€ (0,d), wy = 20, wo € (O,ﬂ')}. (4.1.1)

i=2
We use the standard function spaces:
o C*(G;) with the norm |u;|x.q,,
o Lebesgue space L,(G;), p > 1 with the norm ||u;||p,c;,
e the Sobolev space W*?(G;) with the norm ||u; |k p:c;

and introduce their direct sums

N
e CF(G)=CkGy) + -+ CF(Gy) with the norm [ulk,g = D |uilk,Gi;
i=1

1

N P
o L,(G) = Ly(G1)+-- -+ Lp(Gn) with the norm ||ul|p (q) = > ( Ik |ui|qu> ;
=

i=1

e WEP(G) = WkP(Gy) +--- + WFP(Gy) with the norm

N k !
|kpic =Z</ Z |Dﬁui|pdx> .
i=1

G, 181=0

lu
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We define the weighted Sobolev spaces:

o VE (G)=VF,(G1)+ -+ VF (Gy) for integer k > 0 and real a, where
Vr(G;) denotes the space of all distributions u € D'(G;) satisfying for
i=1,...,N: roTBI=K DBy | € L,(G)); V? ,(G) is a Banach space for the

norm
N

k 1
||u||V,;‘a(G) = Z(/ Z Ta+p(\ﬁ|—k)|Dﬁui|p dx) )

i=1 N\, 181=0

k— 1
e V,.."(0G) is the space of functions ¢, given on G, with the norm

o = inf ||® ,
Hvai,j’(aG) | ”V’;YQ(G)

where the infimum is taken over all functions ® such that ® oo © in the

sense of traces.

We write
ok
WHG) = WR(G), W, (G) = V3 ,(G).
Definition 4.1. A function u(x) is called a weak solution of problem (LN) provided

o1
that u(z) € C°(G) N W(G) and satisfies the integral identity

[atendo+ [ s@utm@ds + [ @) @@
2

G oG "
:/@@mwmmw+/ﬁmmwﬁ—/@w@+ﬂmmuME (11)
oG > G

ol
for all functions n(z) € C°(G) N W (G).

The summation over repeated indices from 1 to n is understood; here:

/f(:c)dx = i/fi(x)dx, /h(x)ds = Nz_l/hk(x)ds, etc.
el =g,

% k=15,

Remark 4. In the Dirichlet boundary condition case (a(x) = 0) we assume, with-

=0.
OGND

We assume that My = max |u(z)| is known.
zeG

out loss of generality, that ‘ =0 = u‘
& Y g OGND
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Lemma 4.2. Let u(z) be a weak solution of (LN). For any function n(z) € C°(G)N
ol
W (Q) the equality

ou
J{awsinn, + @)+ pu)n(o) o = [ a3 n(a)ag,
Gg Qg
+ [at@) (st0) ~ L)) ayas + [ (1)~ snt) ) ate)ds (11
rg =g
holds for a.e. o € (0,d).
Proof. The proof is analogous to the proof of Lemma 3.2 Chapter 3. |
Let us define the numbers
ax = min{as,...,any} >0, a* = max{a,...,an} > 0;
p* = max{pi,...,pn} = 0;
e J . (4.1.2)
[a]zk = 0 — Ak+1, kzla"'7N_1a
agp = 1S2n£aj§_1 Ha]zk’ ;@ = max(a*,agp).
Assumptions.

(a) f(z) € Lp/2(G) NLa(G); p > m;
(b) y(w) >0 >atan <Y on OG; fr(w)>Fo>atan % on X, k=1,...,N —1;
(c) there exist numbers fo > 0, go > 0, hg > 0, s > 1, such that

[f(@)] < folal*™2, lg(@)] < gola*™", [ha(@)] < hola*™, k=1,...,N —1.

We formulate the main result as the following theorem. Let

2—n+4/(n—2)2+49

A=
) i

(4.1.3)

where 9 is the smallest positive eigenvalue of the problem (EV PN) (see Subsection
42.1).

Theorem 4.3. Let u be a weak solution of problem (LN) and assumptions (a)—(c)
be satisfied. Then there are d € (0,1) and Cy > 0 depending only on n,a.,a*, \,
wo, fo, ho, 90, Bo, Yo, s, Mo, meas G, diam G such that the inequality

|, if s>\

1 1 A 1 ; —
m@»ga@mhg+h+¢%%+vﬂﬁg.\ﬂlqmo,gs_x (4.1.4)
|z|®, if s <A
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holds for all x € G¢. If, in addition,

B(w) € C'(T), 7(w) € C'(0G),
f( )evap n(G)
h(z) € Voo /P (8), g(z) € V)P (0G); p>n

2p—n p.2p—n

and there is a number

=csup o (Al ox el ), (4.1.5)
e>0 Px21}77*71 9/2) Vp 2p— n(FQ/g)
then
1 1 e if s > A,
\Vu(:r)lécl(\ mgoJr\/ﬂOhoJrTs)- \:c\’\ 11n(| |) if s =\
(4.1.6)

for all x € GZ. Furthermore, the following is true:

eueVi, ,(G), p>nand
HUva 2pn(G8)
)\ .
o, Zfs > )\,
o 1 . V(1) s 1D
> 2(“”“27G+f0+\//y090+\/60 0+Ts)' 0 n(g)’ ZfS—
0%, if s <A
o if
6 0
f(z) e W_(G), /ra_lhz(x)ds < oo, /ra Lg2(z)ds < oo,
b} oG
where
4d—n—-22<a<2, (4.1.8)
o 1
then u(z) € W,_o(G) and
/a (ro2|Vul? + r**u?) do + /r"‘_?’ﬂ(w)uQ(m)ds
G ®
+/a(x)ra_3’y(w)u2(x)ds (4.1.9)
oG
< C’{/(u2+(1—|—ro‘)f2(x)) dx—l—/ra_lhz(:c)ds—l—/a(x)ra Lo (x )ds}
G b oG

where the constant C' > 0 depends only on n,a.,a™,a, \ and the domain G.
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4.2 Auxiliary statements and inequalities

In addition to Lemma 1.1 by means of direct calculation we obtain

Lemma 4.4.
x; cos(fig, 2)|s, =0, k=1,...,N—1 (4.2.1)

(it is the equation of Xy.)

We will need some statements and inequalities.

4.2.1 The eigenvalue problem

Let Q C S"~! with smooth boundary 99 be the intersection of the cone C with
the unit sphere S"~!. Let 7/ be the exterior normal to C at points of 9Q and
71 be the exterior with respect to €2, normal to ¥, (lying in the plane tangent to
Q), k=1,...,N — 1. Let v(w), w € 9N be a positive bounded piecewise smooth
function, Bx(w) be a positive continuous function on ¥y, k = 1,...,N — 1. We
consider the eigenvalue problem for the Laplace-Beltrami operator /\,, on the unit
sphere

a; (Ao, +9¢;) =0, w € Q;, a;are positive constants; i = 1,..., N,
Wl =0, [a22] 4+ =0, k=1, N1,
Ok Ok

a(w)a gl +1wp| =0,
(EVPN)

which consists in the determination of all values 1 (eigenvalues) for which (EV PN)
has a non-zero weak solution (eigenfunction).

From the variational principle we obtain the Friedrichs-Wirtinger type in-
equality(see the proof for N = 2 in §2.2):

Theorem 4.5. Let ¥ be the smallest positive eigenvalue of the problem (EV PN)
and 1 € WL(Q). Let v(w) be a positive bounded piecewise smooth function on O,
Br(w) be a positive continuous function on o, k=1,...,N — 1. Then

o0

N-1
9 [ ap?(w)dQ < [ a|VoyPdQ+ Y [ Br(w)’(w)do + | a(w)y(w)y® (w)do.
[ [omta g [ ]

(4.2.2)
By (4.1.3), the Friedrichs-Wirtinger inequality can be written in the form

AA+n—2) /awz(w)dﬂg/dewzdﬁ+/6(w)1/12(w)da—|—/a(w)‘y(w)dﬂ(w)da,
Q Q o o0
(4.2.3)
for all 1 (w) € W(Q).
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Similarly as in §§2.2-2.3 we obtain
Corollary 4.6.

1
/ara_4u2dx < )\()\+n_2){/ar°‘_2Vu2dx+/7‘a_36(w)u2(x)ds
G§ G§ 58
+/a(x)ra_3’y(w)u2(x)ds}, Vo, (4.2.4)
rg

ol
for all u € W, _,(GY).

Lemma 4.7. Let v € C°(G)NW(G), v(0) =0 and B(w) > 0, v(w) > 0. Then for
any € > 0,

/ar?_%zdaj < H()\,n,a){/ar?_z\Vdex—i—/r?_?’ﬂ(w)vz(aj)ds

G§ G§ =
+ / a(x)r?_3’y(w)v2(x)ds}, (4.2.5)
rg
where H(A\,n,«) is determined by (2.3.3) and o < 4 — n.
Lemma 4.8. Let ve C°(G) N WY(G) and B(w)>0, v(w)>0. Then for any e > 0,

oy 1 o e
/ars 2% de < )\()\+n_2){/ars 2\VU|2dx+/r Lra=28(w)v?(z)ds
G G S
+/a(x)r_1r§_2’y(w)v2ds}. (4.2.6)
l“d

0

4.2.2 The comparison principle

We consider the second-order linear degenerate operator @) of the form

Qu,n) = /{auwmxi + (f(=) +pu(x))77(:c)}dx - /agﬁn(x)de (4.2.7)
Qa

G§

- [ o) (st0) = Trtrut))atoyas = [ (1)~ piate) ) ateas

rg =5

o1
for u(z) € CO(G¢) N W,(GE) and for all non-negative 1 belonging to C°(GZ) N
o1
W (GP).
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Proposition 4.9. Let f(w), v(w) be positive piecewise functions, 0 < a, < a < a*,
o1
p>0 and d < 1. Let functions u,w € CO(GE) N W (GY) satisfy the inequality
Q(u,n) < Q(w,n) (4.2.8)

ol
for all non-negative n € C°(GE) N W (G3) and also the inequality
u(z) <w(z), x€QU(TEND) (4.2.9)
hold in the weak sense. Then u(x) < w(zx) in GE.

Proof. Let us define z(z) = u(z) — w(x). Then we have

02 Q1) = Q) = [ {azaims, + pr(ayn(a) o

G§

rd =g Qq

for all non-negative n € C°(G%) N Vovz (G2). We define the sets
(Go)" = {z € Gf | u(x) > w(x)} C G,
(Bt = {z e IF| u(x) > w(z)} C X,
TH* :={z T | u(zx) > wx)} cTE

and assume that (G3)T # (). As the test function in the integral inequality (4.2.10),
we choose n = max{(u — w),0}. Then it follows from (4.2.9) and (4.2.10) that

/ (a\Vz|2 _|_pz2(x)> dr + / a(x)i’y(w)ZQ(x)ds + / i,@(w)z2(x)ds <0.
e e sy

This implies that z(x) = 0 almost everywhere in (G&)T. Thus, we have finished
with a contradiction to our assumption about the set (G&)* # ). By this fact,
Proposition 4.9 is proved. |

4.3 The barrier function. The preliminary estimate of the
solution modulus

Let us define the linear operators
Ei EaiA, 121,7N

and let us use numbers (4.1.2).
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Lemma 4.10 (Existence of the barrier function). Let us fiz numbers By > atan %,
Yo >atan Y, § >0, go >0, hg > 0 and let y(w) > vo on OG and B(w) > Bo on
Yr, k=1,...,N — 1. Then there exist m > 0, depending only on wgy, a number
7 € (0, %’ cot ¥ — 1) (where 69 = min(Bo, o)), numbers B >0, d € (0,1) and a
function w(z) € CH(Go)NC?(Gy) that depend only on wy, the ellipticity constants
ax,a* of the operators L; and the quantities 7o, Bo, 00, go, ho,wo such that for any
2 € (0;min(d, 50)) the following inequalities hold:

Lilw(x)] < —am?|z|*™Y 2€GinG; i=1,...,N; (4.3.1)
Blw(z)] = golz|’; = € Tf; (4.3.2)

Sklw(z)] > holz|®; zeXd k=1,...,N —1; (4.3.3)

0 < w(w) < co(30, B,wo)|z|*™; = € GY; (4.3.4)
|Vw(z)| < e1(50, B,wo)|z|”; x € GY, (4.3.5)

where operators B, Sy were defined in problem (LN).

Proof. Let (x,y,2’) € R™, where * = 21, y = x2, ' = (23,...,2,). In {21 > 0}
we consider the cone K with the vertex in O such that K D G& (we recall that
G C {x; > 0}). Let OK be the lateral surface of K and let 0K N yOx = 'y
be x = +my, where m = cot “), 0 < wg < 7 such that in the interior of K the
inequality « > m|y| holds. We shall consider the function:

w(z;y, o) = 2 Hx? — m?y?) + Bx™ ™ with some s € (0;1), B > 0. (4.3.6)
Let us calculate the operator £; on the function (4.3.6). For t = ¥, [t| < ! we
obtain:

Liw = —m?2x™ 7 G (%), where

Gi(3) =a; {(> =3+ 2)P +2—m (1 + B) (5 + )} .
Since ;(0) = 2a;(t* + 1) > 2a; > 2a. and since g;(3) are the square functions,
there exists a number 55 > 0 depending only on a,,a*,m such that ¢;(3) > a.

for s € [0; 55]. Therefore we obtain (4.3.1).
Now, let us write

Iy :z=+my, m=cot Q;O, 0 <wp <. (4.3.7)

Then we have

— wo 4 = ™ wo
onTy:{" 7% 2 (7, z) 5O+ 27 (4.3.8)
y =rsin % Z(1,y) 2
onl_:J% —"e™® ug; £, z) =3 +:20’ (4.3.9)
y = —rsin® L(i,y) =+ %,
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wo 1 wo m

= = . 4.3.10
2 V14+m2’ COSQ V1 + m2 ( )

sin
Therefore, we obtain

wy = (1+ 2)2”(1 + B) — (5e — V)m*y?0™ 2 = wy|. = [2+ B(1 + »)]2™,

|Fi
wy = —2mPyz” " = wy‘ri = F2ma”. (4.3.11)

= wycos Z(fi,x)|  + wycos L(7T,y) and (4.3.8)—(4.3.11),
'y Iy ry
= —r* "™, {2(14+m?) + B(1+ »)}. Hence, by (4.3.7) and
Ty (1+m2) 2
7(w) > v > atan % on JG, it follows that

Because of ‘313
n

we get: g%’

¢ = " n T {BmA(w) — a(z)a (B(1+ ) +2(1 +m?))}
rL (1 + m2) 2

»

B[w]

m
= 41

r* {Bmyy — Ba*(1 + ) — 2a*(1 + m®)} .
(1m)

Since m > fm and »9 < m)? — 1, for 2 < 3 we obtain

m*or*

Blw] > ot { B(myy —a* —a*s) — 2a™(1 4+ m2)} > gor®,
Fdi (1 + m2) 2
(4.3.12)
0 <r<d<1,if we choose 2 < § = r* > r°. Hence it follows that
go(1+m?) KN 1
B z{ —|—2a*(1—|—m2)}~ . (4.3.13)
m*o myo — a* (1 + 3)
Thus, (4.3.2) is proved.
Now we prove (4.3.3). At first, we have on Xj:
T = T COoS (C;O - Gk) , Yy =rsin (O;O —Hk) =
y = mgx, where my = tan (C;O — Ok) .
Therefore
w o (B+1—m?m})z"™™ = (B+ 1 —m?*mi)r' ™ cos'** (w20 - Hk)

2,2
7B—|—1—mmk 1t
= I .

(1 —|—mi) 2
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Further,
- m wo . wo mg
cos(ng, T :cos( - +9k) :sm< —Hk) = ,
i) 2" 2 2 V1+m3
BN wo wo 1
cos (g, y) = cos (7r - + Hk) = — cos ( - Hk) = -
2 2 V1+m?
on X, k=1,..., N —1 and by virtue of
(1+3)(1+B)+ (1 —»)m*mi 2m*m3 B
= = 5 - T ’ w. = — e
S (1+mj)? Yo (T+mg)?
we obtain
ow m (14 3)(1 + B) + (1 — »)m?*m3 + 2m? o
= k 143¢ * .
ong, sy, (14+m?2) 2
Thus,
_ Be@)(B+1—=m?mi) + muyla]s, {(1+5)(1+ B) + (1 = s)m®mj +2m*}
Sklw] = L S,
(L+mf) 2
Since 0 < w1 <O <wp forall k =1,...,N — 1, then |my| < tan ) = 7}1 for all
k=1,...,N—1. Now, by virtue of Bx(w) > fo > atan Y on X3, k=1,...,N—1
and gy < mfg — 1, for s < 3, we get
E)
Si[w] > {BoBm — ag ((1 +0)B+2(1+ m2))} m vy T2 - ho,
(1+m2)"
(4.3.14)
if we choose » < § = r* > r®. Hence it follows that
(1 +m?) ™
oll+m 1
B>{ +2a 1—|—m2}~ . 43.15
- m2o of ) mfBo — ao(l + 35) ( )

Thus, (4.3.3) is proved.
Now we will show (4.3.4). Let us rewrite the function (4.3.6) in spherical
coordinates. Recalling that m = cot “ we obtain

w(z;y,2') = (14 B)(rcosw)' ™ — m?r? sin® w(r cosw)™ !

:rl'“‘cos}‘_lw(Bcoszw—i— X(w) ), Yw € [—w0~w0],

. b
sin? o 272

where y(w) = sin (% —w) -sin (%’ +w). We find x’(w) = —sin2w and x/(w) =0
for w = 0. Now we see that x”(0) = —2cos0 = —2 < 0. In this way we have

max w) = v(0) = sin® “° and therefore
we[_wO/mO/z]x( ) =x(0) %

1
w(x;y,2’) < 't cos® T w(Beos?w + 1) < T cos™ T w (B + )
cos? w
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1
1+
<r %<B+c082‘”2">.

Hence (4.3.4) follows. Finally, (4.3.5) follows in the same way, by virtue of (4.3.11).
O

Now we can estimate |u(x)| for (LN) in a neighborhood of a conical point.

Theorem 4.11. Let u(x) be a weak solution of the problem (LN) and satisfy as-
sumptions (a)—(c). Then there exist numbers d € (0,1) and » > 0 depending only
on as,n,wo, fo, ho, 90, Bo, Y0, s and the domain G such that

lu(x) —u(0)| < Colz[*, =€ GY, (4.3.16)

where the positive constant Cy depends only on a.,n,wy, fo, ho, 90, Bo, Yo, s, Mo and
the domain G, and does not depend on u(z).

Proof. Without loss of generality we may suppose that «(0) > 0. Let us take
the barrier function w(x) defined by (4.3.6) with s € (0,s¢) and the function
v(z) = u(x) — uw(0). For them we shall verify Proposition 4.9. Let us calculate
operator () on these functions. Because of the definition (I7)j,., by Lemma 4.2
and by integrating by parts, we have:

Qaw,) = [{Aaws e, + (1) + Apu(@) o) Jdo — [ A0 o)

cd Qu
1 1
- [ at@) (9@) = ) Auta) ) nia)ds — [ (hla) = | Be) Aulz) ) nie)ds
s o oS
= / (f(z) + Apw(z) — Aalw) n(x)dx
&
+ [ (BlAw] - g@)n()ds + [ (Slu] - hw) nie)ds
rd s

with any A > 0. Hence, by Lemma 4.10 and conditions (b), (¢), we obtain
Qaw,n) = [{f@) + Aamfa@yds + [ (Agor® - g(a) nia)ds
G§ rg

+ [ (Ahor? = b(e) nta)ds

35



80 Chapter 4. Laplace operator with N different media

> /7‘”_1{Aa*m2 — forﬁﬂ_”}n(x)dx + 4490 /(Ar‘S — " Yn(x)ds

Gg rg

because of 0 < » < 37, if numbers ¢, J, A are chosen such that

 <fB+1,§<s—1, A>max{l, (4.3.17)

am2}

On the other hand, we have

Qo = [ @i — [ s — [ T u@nas <o

G§ rg =

and thus we get
Q(v,m) < Q(Aw,n) (4.3.18)

o1
for all non-negative n € C°(G¢) N W, (G2).

Now we compare v(z) and w(z) on 4. Since 2% > h?y? in K from (4.3.6)
we have

w(e)| = Bd cos™ “;0. (4.3.19)
On the other hand,
v(z)| = (u(x) —u(0)| < Mo (4.3.20)
Qa Q4

and therefore from (4.3.19)—(4.3.20) we obtain

1+42¢0
Aw(z)| > ABd“*cost Y0 > ABd T > My >
Qq 2 (1+m2) = 0 Qa
if we choose A possibly greatest,
1+43¢0
Mo(1+m?) =
A> 4.3.21
= B(md)lt= 7’ ( )

where B satisfies inequalities (4.3.13) and (4.3.15).
Finally, if T¢ N D # 0 and u(x) = g(x), * € Td N D, where |g(z)| < golz|*,
then we have

v(z) = u(z) — u(0) <wu(z) = g(x) < golz|*, x € Fg N D;

ml—‘r%o

wo
Aw = ABr't¥ cog™t! > ABrit” "

> gor® > v
rénD 2 (1+m2) 50 =90 =

réno
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if 59 < s —1 and if we choose A possibly greatest,

143¢0

(L+m?) >
Bmlto
where B satisfies inequalities (4.3.13) and (4.3.15). Thus, if we choose large num-
bers B > 0, A > 1 according to (4.3.13), (4.3.15), (4.3.17), (4.3.21) and (4.3.22),
we provide the validity of Proposition 4.9.
Therefore, by the comparison principle (Proposition 4.9), we have:

A> 90, (4.3.22)

u(z) —u(0) < Aw(z), = € G (4.3.23)
Similarly, we derive the estimate
u(z) —u(0) > —Aw(x)

if we consider the auxiliary function v(z) = «(0) — u(x). By virtue of (4.3.4), our
theorem is proved. O

Now we will estimate the gradient modulus of the problem (LN) solution
near a conical point.

Theorem 4.12. Let u(x) be a weak solution of the problem (LN) and assumptions
(b)—(c) be satisfied. Let s > 0 be a number defined by Lemma 4.10 with s < s—1.
Then there exists a number d > 0 such that

\Vu(z)| < Ci|z|*, =€ Gy, (4.3.24)
where the constant C1 does not depend on u, but depends only on a,a*,n,wq, fo,
ho, 90, Bo, Yo, s, My and the domain G.

Proof. Let us consider the set G§ /2 C G, 0 < p < d. We make the transformation

x = o7'; v(x') = 71 7*u(px’). The function v(z’) satisfies the problem
N-1
al\'v — pov(z') = o'~ * f(a'), x € G%/z\ Y (Ek)}/Q;
[aaanv, } .+ ‘Il,‘ﬂk(w)v(x') =0 *hi(oz'), 2’ € (Ek)}/Q, k=1,...,N—-1;
k (Ek‘)l/z

ax) -agfl’, + |x,|’y(w)v(x') = 0 *g(px’), z € Fi/z.

(LNY
Now we apply Theorem 2.1 §2 [6] for &« = 1 and Theorem 16.2 chapter III [43] for
a = 0; according to these Theorems

max |V'v(z")] < Mj. (4.3.25)

1
r’€G1/2

Returning to the variable z and the function u(x) we obtain from (4.3.25)

|Vu(z)| < Myp”, z € GZ/27

Putting now |z| = 3 p we obtain the desired estimate (4.3.24). O

0<p<d.
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Corollary 4.13. Let u(z) be a weak solution of problem (LN) and assumptions
of Theorem 4.12 be satisfied. Then u(0) = 0 and therefore the inequality (4.3.16)
takes the form

lu(z)| < Colz|* !, 2z e G (4.3.26)

Proof. From the problem boundary condition it follows that
ou
Y@)ule) = lelg(e) — ala) -alsl ), €06\ O
By the assumption (b)—(c) and the estimate (4.3.24), we obtain
volu(z)| < y(w)lu()] < |zllg(@)] + a*|z]|Vu| < gola|* + Cra™|a*F.

By letting |z| tend to 0 we get, because of the continuity of u(z), that yo|u(0)| <0
and taking into account v > 0, we obtain that «(0) = 0. ]

4.4 Local estimate at the boundary

Here we formulate a result asserting the local boundedness (near the conical point)
of the weak solution of problem (LN). This result is a generalization of Theorem

3.4 in the case of a domain with N different media and it proves verbatim as
Theorem 3.4.

Theorem 4.14. Let u(x) be a weak solution of problem (LN) and assumptions
(a)—(c) be satisfied. If, in addition, h(x) € Ly (o), g(x) € Loo(0G), then the
inequality

sup [u(@)| < C {o™/"uls,ag + P fllp .05+ 0 (I9lloe.rg + I1hlog) }

Ge
(4.4.1)
holds for anyt >0, s € (0,1) and g € (0,d), where C = C (n,a., a*,t,p, ,G).

4.5 Global integral estimates

First we will obtain a global estimate for the Dirichlet integral.

Theorem 4.15. Let u(z) be a weak solution of problem (LN) and assumptions (a)—
(c) be satisfied. Suppose, in addition, that h(z) € La(X), g(z) € La(0G). Then the

inequality

/a|Vu|2dx+/6(Tw)u2(x)ds+/W(w)uQ(x)ds

T
G oG

<C / (u2(x) + f?(2)) dx + ,310 /hQ(x)dS + 710 /gQ(x)dS (4.5.1)

G 3 oG
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holds, where constant C' depends only on p*, diam G.

Proof. Setting in (IT) n(x) = u(x) and using the classical Holder inequality, by
assumptions (a), (c), we get

/<a\Vu\2—|—pu >dx—|—/ﬂ ds—|—/7(w)u2(x)ds

/wm m+/wm m+/wv|m (45.2)
By the Cauchy inequality, and by virtue of the assumption (c¢), we obtain
[ tulntayias / <\/ |u> (y oy o) s
>
< ;/5(:’) 2z )ds+2ﬂ0/rh2( )ds:
>
[1ullot@yias = [ (J Vﬁf"’m) (/o) s
oG fol
< ;/V(:))uQ(x)ds—l— 21 /rgz(x)ds;
oG ’YOBG

Jrulls@iz < ) [ fupdo ) [15Pdn
G G G

Hence we get the desired inequality (4.5.1). O

Further, we will obtain a global estimate for the weighted Dirichlet integral.

Theorem 4.16. Let u(x) be a weak solution of problem (LN) and assumptions (a)—
(c) be satisfied. Let X be as above in (4.1.3), ¢ be as above in Lemma 4.10 about
the barrier function. In addition, let A > 1 and 0 < » < min(s — 1,3, A — 1) as
well as

00
f(x) e W_(G), /ra_lhz(x)ds < o0, /ro‘ Lg?(z)ds < oo,
P oG
where
2—-n—-2x<a<2 (4.5.3)

o1l

Then u(z) € W,_o(G) and the inequality
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/a (r* 72| Vul® + r**u?) dz + /ra_35(w)u2(x)ds + /ra_37(w)u2(x)ds

G
<Cy | (WP + 1472 (x)de+ [ r* 'R (2)ds + [ T P (x)dsp  (4.5.4)
1 [ i

)
holds, where the constant C > 0 depends only on n,ax,a”, o, A and the domain G.

Proof. Setting in (I1) n(z) = r& 2u(zx), with regard to p > 0 and 9., = r® 2u,, +

(o —2)ra=3 “T_fli u(z), we obtain

/ar?_2|Vu|2da:—|—/r_lr?_26(w)u2(x)ds—|—/a(a:)r_lr?_2’y(w)u2(x)ds

G oG

>
=73 / arg ™ (@; — ely) (u?)a,dz — / F@)ro~2u(z)da

G

+/T?_2U($)h($)d3+/a(x)T?_Qu(x)g(x)ds. (4.5.5)
)

oG

We transform the first integral on the right-hand side by integrating by parts:

ou?
a—4 _ o— 4 . 1
/ars (x; da: E /al - l])axj dx

G =g,
2 9 2,04 —
au x; —€ly) dx+z a;u;re ™ (x; — elj) cos(W, xj)ds
G =laa,
2 9 —4 -
au i —¢ely) Jdr + | au®re™*(z; — el;) cos(T, w;)ds
G oG
N— 1
+ /u2r x; — ely) cos(ng, x;)ds, (4.5.6)
k:l S

because of [u]s, =0, k=1,..., N — 1. We calculate:

1 2 (r?“l(:ci—sli)) =nro~ 4+ (a—4)(z; —ely)re=> “’i;:l’i = (n+a—4)re-4

2) by (4.2.1), (z; — €l;)cos(ng,z;)| = ecos(ng,x1

. :ESIH( —Hk) =
1,...,N—1;

Yk
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3) representing 0G = I't UT 4 and by (4.2.1),
(w; — el;) cos(T, ;)| = —esin Yo

ré 2

/au2r?_4(3:i —el;) cos(, x;)ds
oG

_ — . wWo _
= /auzr? Yy — el;) cos(T, z;)ds — e sin 9 au’reds.

Tq rg

Hence and from (4.5.6) it follows that

2 - ou? 2—a)4—n—
5 “ /ar§_4(xi —el;) Yy = 2-a)d—n=a) /ar?_4u2dx

31‘2' 2
e] el

2—a . wo 2,.a—4 2-« 2,.a—4 -

—e , sin, [autr ds + 9 au rd™(x; — el;) cos(W, x;)ds
rd Ta

N-1 w
+e [a]s, /uzr?_4 sin ( 20 - Hk) ds. (4.5.7)

k=1 A

From (4.5.5) and (4.5.7) we obtain the following equality:

/arg_z\Vu\2dx+/r_lrg_zﬂ(w)uz(x)ds—k/a(a:)r_lr?_zfy(w)u2(x)ds

G b oG

2—a . wo o
+e 5 Sin, /auZTE 4ds

rg

2 a)4—n—

= (2=a)( 5 n—a) /ar?_4u2dx+/r?_Qu(x)h(I)ds
G b
2 _
+ /a(w)r?_Qu(x)g(x)ds—i— 5 “ /au2rg_4(xi —el;) cos(M, x;)ds
oG Ty

N—1 o
+e€ [a]x, /u27‘?_4 sin( 20 - Hk) ds — /f(a:)r?_Qu(a:)dx. (4.5.8)

k=1 o P

Now we estimate the integral over I'y. Because on I'y: r. > hr > hd and
(a—3)Inr. < (a — 3)In(hd), by o < 2, we have 723|p, < (hd)*® and therefore,
by (1.5.12),
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2 — 92—
5 “ /au2r§_4(xi —ely) cos(T, x;)ds 5 “ /ar§_3u2ds
Fd Fd

2 —
< 5 (hd)a 3/au2ds<c(;/udx+5/\Vu\dx V8> 0. (4.5.9)
Fd Gd

IN

Further, by the Cauchy inequality and because y(w) > v > 0,

1

2
, Vo1 > 0;
251%@ () 1

w (b ) (B ) £ e+

taking into account property 1) of r. we obtain

5 1 1
/rg—2|u\|g|ds < ;/r?‘2rv(w)u2ds+ 26110 /r“ 'g*(x)ds, W61 > 0.
oG

G G
(4.5.10)
Similarly, because 8(w) > By > 0,

1 1 1
/r?_Q\uHh(x)\ds < 21 /r?_zrﬁ(w)qus—l— 9.0 /ro‘_lh2(3c)ds, Vo1 >0
N b 3o
(4.5.11)
and
a—2 0 -2 -2, 2 1 o 2
ré~uf(z)dx < o [ ar e u dx+2 s fo(x)dz, V6 > 0. (4.5.12)
A x
G G
N-1
Finally, we estimate the integral ¢ Y- [a]g, [ u?re~*sin (% — 0x) ds. At first, by
k=1 Sk
(4.1.2), we get
N— 1
€ / 2y 4sin( —Hk)ds<a052/ ro=4ds
Ic:l = k=15,
= aoa/ra Yu?(x)ds. (4.5.13)
5

Further, we use the representation ¥ = X§ U X.. Then, by property 1) of r-(z)
and by virtue of inequality (4.3.26) of Corollary 4.13, we get
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€
5/r§_4u2(x)ds < /r§_3u2(x)ds <C? measo-/ pot2etn=3 g,
0

2
C§ measo a2t n—2

= 4.5.14
a+2x+n—2 ( )

because of a+2sc+n—2 > 0, by our assumption (4.5.3). Similarly, for the integral
over Y. we obtain

R
5/ra_4u2(3c)ds < ¢&- measo / pot2etn=d g,
€

€

€

a+2x+n—3

e ROF27+n—3 _ at2xfn—2 .
f 2 —3#0
= measo - . , Mot 2xdn f ' (4.5.15)
eln 7, ifa+2x+n—-—3=0,

where R= max diam Xj. Thus, from (4.5.13)—(4.5.15) we get
1<k<N-1

1

€- Z_ [a]s, /u2r§_4 sin (u;O - Hk) ds < J(e), (4.5.16)

k=1 A

where
J(g) =€ -ap- measo (4.5.17)
% { gi;:::; + (a+2f§-n—2 - a+2%1+n—3) gt TS ifa+2x+n—3#0,
C¢+Inf, ifa+2x+n—3=0,

provided that a + 2sr +n — 2 > 0. Hence follows

Corollary 4.17.

N-1
. i . ) 2 a—d - wo . _
51—13-10 Je)=0 = 61_1}15_105 ,; [a]s, /u re sm( 5 Gk) ds = 0.

Py

As a result from (4.5.8)—(4.5.16) we obtain:

/ar?_2\Vu\2dx+/r_lr?_2ﬂ(w)u2(x)ds+/r_lr?_Q'y(w)uZ(x)ds
G b el
9 _
+e 5 “ sin a;o /au2r?_4ds
g
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SJ(€)+ (2-0[)(4:—71—0[) /ar?_4u2dx

2
G
+ (2; /ar_Qr?_QUde 4—c(a*,oz)/(a|Vu|2 + u?) dz
Gé G
+621 /r_lr?_Qﬂ(w)UZ(x)ds—F /r_lr?_Q'y(w)UZ(x)ds (4.5.18)
3 oG
+ ! /ra_1g2(x)ds+ ! /ra_lhz(x)ds—k ! /ro‘fQ(x)dx
24170 26189 2a..0 ’
le b G

for all 6,81 > 0. It is clear that it is sufficient to consider the case o < 4 — n. At
first we apply Lemma 4.7. Then from (4.5.18) we get:

(_ 22—a)(d—a—n) >
(4—n—-a)24+4XA+n—-2)

1 1
X { ar®2|Vul?dz + 2 B(w)u?(x)ds + T?_Q’y(w)u2(x)ds}

oG

< J(e)+ 0 /aT_QrEa_Qqu;(; + c(a*,a)/ (a\VuP +u2) dx

- 2
Gé ¢
+ 1 /ra_ng(x)ds
20170
oG
+ 621 {/r‘lr?_Qﬂ(w)UQ(x)ds+ /T_lrg_QV(W)UQ(f)dS}
& oG

1 a—172 1 / a g2
+ 2%, /7‘ h*(z)ds + 205 | " f(x)dx, V6,01 >0, Ve > 0. (4.5.19)
a

b
However, if a > 4 — n — 2\, then

22—-a)(4—a—n)

1. 4.5.20
A-n—a2+MMA+n—2) ° (4:5.20)
This inequality is satisfied, by virtue of @« > 2 —n — 23 and 0 < 2 < A — 1.
Therefore (4.5.20) is true. Let us apply Lemma 4.8 and choose §; = As
a result we obtain

5
AQ+n—2) "
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(1_ 22—a)(d—a—n) >
(4—n—-a)24+4XA+n—-2)

1 1
X { ar® 2 |Vul?dz + r® 2 B(w)u?(x)ds + r?_Q'y(w)UQ(x)ds}

r
oG
< J(g) + c(ax, o) / (alVul? +u?) dz + ! /ra_lgz(x)ds
20170
el le]

n )

AA+n—2)

X {/ar?_2Vqux+/r_lr?_2ﬂ(w)u2(x)ds+/r_lr?_Q'y(w)UZ(x)ds}

G b oG
1 a—1p72 1 o £2
+ 961 o /7‘ h*(z)ds + 2.6 /1" f(x)dz, ¥6 >0, Ve > 0. (4.5.21)
b G

We can choose

6_)\()\+n—2) 1 2(2—a)(4—a—n)

N 2 (Ad—n—a)P2+4A+n—-2))
Thus we get

/ar‘;_z\Vu\de—i—/1r§_26(w)u2(x)ds—|—/ 1r?_2’y(w)u2(x)ds
r 7

G s oG
< C’(n,a*,a,)\){J(E) +/ (a|Vul? + w2 + r f2(z)) da

1 1
+ /ra_ng(x)ds + /ra_th(x)ds}, Ve > 0. (4.5.22)
Y0 Bo
oG b
Now we can perform the passage to the limit as ¢ — +0 by the Fatou Theorem.

Taking into account Corollary 4.17, it follows that

[ar=21vaae+ [r-tpe@s + [ @ (1.5.23)
G ) oG
< C(n,as, a,\)
2 2 a £2 1 a—1_2 1 a—172
x {G/ (a|Vul® + v + 7 f?(z)) dz + Voagr g°(x)ds + 5o E/r h (:c)ds}

Applying Theorem 4.15, by the Hardy-Friedrichs-Wirtinger inequality (2.2.3),
from (4.5.23) we get the desired estimate (4.5.4). O
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4.6 Local integral weighted estimates

Theorem 4.18. Let u(z) be a weak solution of problem (LN), A > 1 be as above
1

in (4.1.3) and assumptions (a)—(c) be satisfied. Then u(z) € W,_,,(G) and there
exist d € (0,1) and a constant C' > 0 depending only on n, s, \, ax, G, ¥ such that
the inequality

/ o (P VUl + (@) de + / 1= B(w)u(z)ds + / Py ()i (2)ds

Gg e re
) ) o>, if s> A,
<C(lulf+ i+ g+ o h8)-{ePmi (L), #s=x (461)
’ Y0 Bo ) ° _
987 Zf5<)\

holds for almost all o € (0,d).

ol
Proof. By Theorem 4.16, u(z) belongs to W,_,, (G), therefore it is enough to prove
the estimate (4.6.1). Putting n(z) = 72~"u(x) in (I1);. and taking into account
the definition (2.4.10), we obtain

U(o) = Q/au(x) g:f dQ+/a(aj)r2_"u(:r)g(:r)ds +/r2_"u(x)h(x)ds
o R =8

+ / {(n — Yar"u(@)eie, — pri "3 (z) — 12 () f(x)}dx. (4.6.2)

Gg

By the divergence theorem, we find

-2 ou?
(n— 2)/ar‘"u(m)xiuwidx =" 5 /ar‘"mi azi dx (4.6.3)
Gg Gg
n—2 2 -n -n —n 2
= 5 () (nr™" —nr~ ") dz + o au”(z)x; cos(r, x;)dSd,
G¢ Q,
N-1
+ [a]s, / r"u? (x)2; cos(ng, ;)ds + /a(aj)ar—”uQ(m)xi cos(n,xi)ds}.
k=1 o o
(Zx)o Lo

By Lemmas 1.1 and 4.4 we have

-2
(n—2) / ar~"uw(x)zug, dr = " 5 /auQ(x)dQ. (4.6.4)
G¢ Q
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Because of Lemma 2.12 and p > 0, from (4.6.2)—(4.6.4) it follows that

Ule) < SU' @)+ [ (@) glds + [ fu(a)] - Iho)lds

rg =8
+/7‘2_”\u($)\ | f(x)|dz.  (4.6.5)

Gg

We shall obtain upper bounds for each integral on the right. At first, applying
the Cauchy and Hardy-Friedrichs-Wirtinger inequality (2.2.3)), we have for any
Yo > 0:

g r
< 0 /rl_"’y(w)\u|2d8+ ! /r?’_"|g|2d3' (4.6.6)
-2 2670 '
r rg
—n —n 1
P ullids = [ (75 Va@Ial) (750 jol) ds
[ 9 ( ) VW)
ZO EO
< 5/r1—"5(w)|u\2ds+ ! /r3—n\h|2ds~ (4.6.7)
-2 2030 ’
o o

o 1
2—n < -n|, |2 4—n 2
[ @i @ds < 0 [arjupde s oo [ e
Gg Gg Gg

Y 1
< 4_n 2 N . .
- 2a*)\(>\—|—n—2)U(Q)+ 2§/r |fIPda; (4.6.8)
Gg

Thus, from (4.6.5)—(4.6.8) we get

{1 - Cl(n7)‘7a*)6} U(Q) < ©

< 2>\U/(Q)

1 4 2 1 / 3— 2 1 / 3— 2

+ r* 7" fl*dx + > " g|*ds + r° " h|*ds p, V6 > 0. (4.6.9

35 8 [rIsRdn [ nlglas e o frin (16.9)
=5

Gg rg

However, by the condition (c),
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1 1
/r4_"\f|2daj+ /r?’_"\g\zds—i— /r3_"\h|2ds
Yo Bo
x5

Gg rg
co(G) ( 2 L o 1 2) 2
< + g2+ hE) o™
9 o W’ogo 8o 0
Now, from (4.6.9) we obtain the differential inequality (CP) §1.7 with
2

Pleo) = . {1—ci(n, N a.)d}, ¥6>0; N(o) =0;
Qo) = COA (fo 610 h%) 67 %71 Y8 > 0; (4.6.10)
Up=0C (u2 +(1+ 7‘4_”)f2($c)) de+ [ P "h?(x)ds + [ 37 "g*(x)ds ¢,
/ [ [

by (4.5.4) with o =4 —n.
1) Case s > A. Choosing § = ¢°, Ve > 0, we get:
2\ oA 1
Plo)= 2 = eatn s Qo =G (14 L ate g nt) B

Now for 0 < p < 7 < d,

T

—/P(s)ds = —2\In (T) 2’
% 3

4

T
€

2) d
<In (9) T S VRN
T g
o

exp —/73(7')(17' < (2)2/\exp <2/\cli_€> =Ky (9>2)\;

d
p 2X
exp —/’P(T)dT < Ky (f) ,
0

where Ky = exp {2)\01 d; } We have also

/d () exp<— ] ’P(U)da)dT

d
< )\coKo <f0 ﬂlohg) Qz,\/Tzs—z,\—s—ldT <
o
)\CoKo( 1 2) ds_/\ 2\
S + h : )
fi+ 0 Bo s— 27
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since s > A and we can choose ¢ = s — A. Therefore we have in our case Ky =
exp {2)\61 f_}? }
Now we apply Theorem 1.21. Then from (1.7.1), by virtue of the deduced

inequalities and with regard to (2.2.3) for & = 4 — n, we obtain the statement of
(4.6.1) for s > A.

2) Case s = A. Taking in (4.6.10) any function 6(p) > 0 instead of ¢;6 > 0,
we obtain the problem (C'P) with

2A(1 —6(p c 1 1 _ _

P =07 g =0 0= (B4 L 1) o
0 2 Y0 Bo
We choose 6(p) = ! , 0 < o < d, where e is the Euler number. Then we
()

obtain

T T ed

2X d 2X In
—/P(a)daﬁln(g> +/ 7 zln(g> +ln (@) —
T O.ln(ed) T ln(ed)
o 0 [ed T

exo - / Piryir) < (4) (). e[ / Ployin) < ()" 18

In this case we also have

[ awron(- [P

d
1 1 d d
<o (f12+ i+ h%) Qz’\ln<e ) / T
Yo Vo e T5(T)1n(ed)
o T
1 1 d
< 2)eo (f12 + Vogf + Vohf) 0P lnz(eg )

Now we apply Theorem 1.21, and from (1.7.1), by virtue of the deduced inequali-
ties, we obtain

1 1 1 1
U(Q)§C3(Uo+fg+,yg(2)+ h%)fﬂnQQ, 0<p<d< .
0 0

p
Thus we have proved the statement of (4.6.1) for s = A.

3) Case 0 < s < A. Analogously to case 1) taking into account (4.6.10) we
d 2X(1—c16)
have exp(—fP(T)dT) < (5)
)

. In this case we also have
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d T
)\CO 1 1 —c1 S
o) e <—/P d)dg (2_|_ 2_|_ hQ).Z)\(lcl)
[ewrexn(~ [Poro)ar < 35 (134 g+ 4 1)
o

4
d

1 1
X /723—2’\(1_015)_1d7 < cpca(n, A, ax, s) <f§ + g+ h%) 0%
Yo Bo

4

1

Ulo) < ¢s (Uogm‘“‘” - (f& -
Y0

Now we apply Theorem 1.21, and then from (1.7.1), by virtue of the deduced
9 +

1
hg)e™.

0

inequalities, we obtain
1
h2> . Q2S>
Bo
b

Thus we have proved the statement of (4.6.1) for s < A. O

1
SC6(Uo+f§+V 96 +
0

4.7 The power modulus of continuity at the conical point
for weak solutions

Proof of Theorem 4.3. We define the function

Q/\7 if s > )\7
¥(o) = gkln(é), if s = A, (4.7.1)
0°, if s <A

for 0 < p < d.
By Theorem 4.14 about the local bound of the weak solution modulus we
have

sup [u(z)| < € {o™"/|lu
Ge’?

2,68+ P fllp 68 + 0 (I9lloc.rs + Ihlloo g) }

(4.7.2)
where C' = C(n, a.,a*) and p > n. By Theorem 4.18, we have

1/2
0 " |ulla,ge < 27 Q/ T_"u2(:r)dx> (4.7.3)
o

=< C(Hu\lz,c; + 1 fll2.c + llgllz.oe + [[hll2.20 + fo +
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By the assumption (c), we obtain

PO g + 0 (lallrg + 1) < (o + ) ).

1 n 1
\/Vogo VBo

(4.7.4)
From (4.7.2)—(4.7.4) it follows that
1 1
sup lu(z)| < C(llullo.c+ Ifll2.c+ lgllzo + Ibllaso + o+, g0+, ho)u(o)
Gl Vo VB

o1 @ > 0. We perform the

change of variables z = pz/ and u(px’) = 1(p)v(a’). Then the function v(z’)
satisfies the problem

Putting now |z| = ;o we obtain finally the desired estimate (4.1.4).
Let us consider two sets GZ% and G§/2 C G2§

2
alN'v —po*u(z') = 0, flex'), o' € GY )y
[U(x')}(zk)fﬂl =0, k=1,...,N—1;
[a;&] , T |ml,|5k(w)v(:r’) = 4o e(or’), '€ (Ek)?ﬂ, k=1,...,N—-1;
(Ek)1/4
o) 0l + L) = & gpr)), o €T,
(LN)//
By the Sobolev Imbedding Theorem 1.19,
sup  |V'u(a)| < cllvllwerer ), »>n. (4.7.5)
m/EG}/Q 12

By virtue of the local L? a priori estimate [66, 67], for the solution to the equation
of problem (LN)” inside the domain G2 /4 and near the smooth portions of the

boundaries E§/4 and Ff/4, we have

1/2 1/4

0
Iollwerict,p) < €00 { oM luncs, )+ Illwi-sinrcss, + lallwi-simat o }
+efvllieez,,). (4.7.6)
Returning to the variables z, from (4.7.5) and (4.7.6), it follows that

sup |Vul

o
GQ/2

< g1 {g-3|u|ma354) oy

s, +lolhsiogany + Wiy, b

and
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P ullvz a2 )

2-n/ -2
<co P {Q HuHLP(Gr‘;%) + Hf |p’G254 + ”gHVéBl/”(I‘i%) + ||h||v;701/p(22§4)}

or

—1
sup [Vl < coHlulo g M lhvg,yiazpo t Il ooy Rl )
0/2

and

HUvayzpw(Gi/z)

< clulo.gag, + W lhve iy + 19l oo ) + Wbl o2 )3

Hence, because of (4.1.4), (4.1.5) and the assumption (c), there follow the required
results (4.1.6) and (4.1.7).

Now we can make more precise the statement of Theorem 4.16. In fact,
estimate (4.1.4) proved above allows us to consider in Theorem 4.16 the value
» = A—1. As aresult we obtain the last statement of our theorem and the estimate
(4.1.9) with the best possible exponent that satisfies the inequality (4.1.8). O

4.8 Appendix: Eigenvalue transmission problem in a
composite plane domain with an angular point

We consider the eigenvalue transmission boundary value problem for (LN) in a
composite plane domain with an angular point.

Let G C R? be a bounded domain with boundary G that is a smooth curve
everywhere except at the origin O € 0G. Near the point O it is a fan that consists
of N corners with vertexes at 0. Thus

N N+1 N-—-1
G=\JG; oa=J 1y E:UEk.
=0 k=1

i=1

Here Xy, k = 1,..., N — 1 are the rays that divide G into angular domains G;,
1=1,...,N. Let w; be apertures at the vertex O in domains G;,i=1,..., N. We

N
define the value 0, = w1 +wa + -+ wg. Let I' = |J T'; be the curvilinear portion
=1

of the boundary 0G. In this case we have ¥ = \2.
We also assume that I'g = {(r,w)|r >0, w=0}TNp1 = {(r,w)|r >0, w=
On}; ﬂk|zk: Bk (0r) = Br = const; v(0) = v1 = const, y(wg) = v = const.
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Figure 7

Eigenvalue problem (EV PN) in this case has the form

1/}£/+)\21/}i(w):07 WEQi:{wi_1<w<wi}, i=1,...,N;
¥i(0:) = tit1(6:), t=1,...,N -1
ai i (0;) — aiz11Pi 1 (0:) + Bibi(0;) = 0, 1=1,...,N—1;

ara1(0) +y141(0) = 0,
anany(wo) + NN (wo) = 0,

where a1, ay € {0,1}.

By direct calculation, we get 9;(w) = A; cos(MAw) + B;sin(Aw), i =1,..., N,
where constants Aq,...An; Bi,... By are determined from the algebraic homo-
geneous system
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Aara1 By +v1 =0,
A = (cosz()ﬂi) + a?il sin?(\g;) — /\fi;l sin(\0;) cos()\ﬁi)) - A;
Bi,

+ (sin()\ﬁi) cos(M0;) (1 - +) SN sm2(wi)> .
By = (sin()ﬁi) cos(Ab;) (1 — a“il) + /\fi;l cosz()\ﬂi)) -A;

+ (sin2()\9i) F oty cos?(\0;) + Naria sin(A6;) cos()\ﬁi)) - By,
(v cos(Awp) — dayay sin(dwp)) - An

+ (v sin(Awo) + Aayan cos(Awp)) - By = 0,

i =1,...,N — 1. The least positive eigenvalue A is defined from the vanishing of
the determinant of this system.

4.8.1 Four-media transmission problem

Our goal is the derivation of the eigenvalues equation that corresponds to our
transmission problem for the case N = 4. Let S be the unit circle in R? centered
at O. We write: Q; = G;NS'; i = 1,2, 3, 4. The eigenvalue problem is the following:

P4+ N2 (w) =0, we Qy; i =1,2,3,4;

Yo(w1) = Y1(wi); ¥3(02) = Pa(62); Ya(03) = ¥3(03);

a1 (w1) — agpy(wr) + Frapr(wi) = 0;

azy(02) — azps(62) + Barpa () = 0; (4.8.1)
az3(03) — aspy(03) + B3ip3(03) = 0;

101971 (0) + 1191 (0) = 0;

agaaVy(04) + varpa(04) = 0,

where oy = a’ro = a| oy = a’

{0,11.

We find the general solution of equation (4.8.1):

s O"w:w 71 = 7(0), ya = y(04); a14 €

w=0’

Pi(w) = A;j cos(\w) + B; sin(A\w) = ¥ (w) = —AA; sin(A\w) + AB; cos(\w);

for i = 1,2,3,4, where A;,B; (i = 1,2,3,4) are arbitrary constants. From the
boundary condition of (4.8.1) we obtain the homogenous algebraic system of eight
linear equations for the finding of A4;, B; (i = 1,2,3,4):
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As cos A\wq + Bo sinwy — Aj cos Awy — By sin Awy = 0,
Az cos N0y + Bz sinfy — As cos Ay — By sin A0y = 0,
Ay cos M3 + Bysinf3 — Az cos A3 — Bz sin Ad3 = 0,
Aag As sin dwi — AagBs cos Awi — AajAg sin Aw;
+Aa1 B cos Adwy + B1A1 cos Awy + B1 By sin Adwy = 0,
a3 As sin A0y — Aag B3 cos A0y — Aag Ao sin A\0o

+Aag By cos Al + 2 As cos Ay + (32 Bs sin Ay = 0,
Aag Ay sin A3 — Aag By cos \03 — Aaz Az sin \03
+AagBs cos A3 + (3 A3 cos A3 + B3B3z sin Ad3 = 0,
aja1ABy + 7141 =0,

g4 AAgsin Ay — agaqABy cos N0y — y4 Ay cos N0y — y4 By sin A0y = 0.

The determinant of this system has to be equal to zero for the nontrivial solution
of this system to exist. The latter gives us the required equation for eigenvalues A:

X (naufealal — aumiadal + aryaaia3) + N (o faal — a1fB2B374a3
+ B3717203 + 11745103) — 12 f3717a] - sin Awy sin Aws sin Aws sin Awq
+ Aag[as N (Boyral + Prvial + Nonaial) — y17aB203 — 11746103
S 5374(1? + )\271746@)] - 8in Awq €os Aws Sin Aws sin Adwy
—Xas[ya (M1 Boa? 4+ 718182 — N2 y1a2) — NauBivial — Majaga?al
+ y17v451 83 + >\2a1ﬂ3’y4af] - sin Adw1 sin Adws cos Adws sin Adwy
— Aag[Na1B827403 + B1B2v17a — N2mivaa3 + N arauBaBsal + aufiB2Bsm
- )\2a4ﬂ3’yla§ - )\2a4a§(’ylﬂ1 + )\2a1af)] - sin Aw1 sin Aws sin Adws cos Awgy
— Aa1[NarasBifaal — Naufaenial — Narauaial — 0181828374 + 11748283
+ Azalﬂgmag - /\2’y4a§(71 — a11)] - cos Aws sin Adws sin Aws sin Awy
+ Nagas[as(N o foal + 716102 — N2via3) + cufi sy + N arasfsal
+ B1y1va + )\204174(1%] - sin Adw1 sin Aws cos Adws €os Awy
+ Nagaz[y1 (N oual — vaf3) = va(n1 82 + Bim + Nanal)]
X Sin Awi €os Aws €OS Aws sin Awy
+ Nazas[Nasy1a3 — v1Bevs — Biyiva — Naryaai — aufefBsm
— a1 P31 — )\2a1a4ﬂ3aﬂ - sin Adw1 €os Awa sin Aws cos Awy
+ Naraz[Nagmal — Nayaufeal — NarauBial — Bsmiva + 01620374
+ @181 0374 — )\2a1’y4a§] - COS Aw1 €OS Awa sin Aws sin Adwy
+ Nayas[on f1827a — Boviva — A2174a3 + anau i B2fs — asfafsm
- )\2a10z4ﬂ3a§ + /\2a4a§(71 — a101)] - cos Aws sin Adws sin Adws cos Awy

+ Naraz[yi(a1 182 — 1Bz — Nara3) + Nauyial — Najaupial
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— Y17433 + a1318374] - cos Aws sin Aws cos Adws sin Adwy
— Nagazaslos(Bayr + Bim + Nonal) + 71 (0afs + 74)]
X Sin Aw1 COS Awsa COS Aws COS Awy
— Mayasasoufsy — araaBifBs + 1y — a1fiva
— g1 3182 — 1102 — N2aqad)] - cos Adwy sin Adws cos Aws cos Awy
— Narazgas[yivs — a18274 — a1Biya + cufsy — o123
—arayf1 83 + A2a1a4a§] - COS Aw1 €OS Aws sin Adws €cos Awy
— Narazaz[ya(n1 — a1 — a1B1) + o1 (N aual — 74B1)]
X COS AW1 COS Awsa COS Aws sin Awy

+ Majazazasfon (aafs +71) — aa(y — a1B2 — a1 )]
X COS AW COS Awsg COS Awsg COS AWy
=0.

We consider the following particular cases of boundary conditions.

1) The Dirichlet problem: an =g =01 =2 =03=0; 71 =y = 1.

)\3a2a§ sin Aw1 €os Aws sin A\ws sin Awy + a%ag sin Awi sin Adws cos Aws sin Adwy

+ a§a4 sin Adw sin Adws sin Aws cos Awy + a1 ag €OS Aw1 sin Aws sin Aws sin Adwy

— (2a304 SIN Aw1 COS Awa COS AW3 COS AWy — A1a304 COS Aw SiN Aws COS Aws COS Awy
— @1a204 COS Aw1 COS Aws SiN Aw3 COS Awy — A1a2a3 COS Awq COS Aws COS Aws3 Sin Awy
=0.

In the isotropic case (a; = az = a3 = a4) we hence obtain the following
well-known result: sin(Ay) =0= X\, = 7", n=1,2....

6,4
Corollary. A= [ >1,if wo <. !

2) The Neumann problem: a1 =y =1; 31 = P2 =03 =0; 11 =4 = 0.

— a%ag ai sin Adwi cos Aws sin Aws sin Adwy — a%agai sin Adwi sin Aws cos Adws sin Awy
— a?a§a4 sin Awq sin Adws sin Aws cos Awy — alagai €OS Aw1 sin Aws sin Aws sin Adwy
+ a%a2a3a4 sin Awi €oS Awsg €Os Aws COS Awy
+ a1a§a3a4 COS Aw1 Sin Aws €os Adwsz COS Awy
+ a1a2a§a4 COS AWw1 COS Aws Sin Aws cos Awy
+ alagagai COS Aw1 COS Aws €OS Aws sin Adwy = 0.

In the isotropic case (a1 = as = a3 = a4) we hence obtain the following

well-known result: sin(A3) = 0= A, = ', n=0,1,2....
Corollary. A = U::] > 1, if wg < 7.
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3) The mized problem: an =y4 =1, a4 = B1 = B2 = 3 =0; 71 = 0.

a%a% sin Aw sin Aws sin Aws sin Adwy — a%a3a4 sin Adwq sin Aws cos Awsz cos Awy

— a?agag sin Awi €os Adws €os A\ws sin Adwy — a?a2a4 Sin Awq €os Aws Sin Aws cos Adwy
—ay aga?), COS Aw1 €OS Aws Sin Adws sin Awy — aq a§a4 COS Aw1 sin Aws sin Adws cos Awy
—ay a§a4 €OS Aw1 Sin Aws cos Adws Sin Adwy

+ a1a2a3a4 COS Awq €OS Aws €OS Aws cos dwy = 0.

In the isotropic case (a1 = aa = as = a4) we hence obtain the following
well-known result: cos(Ay) = 0= A, = W(ZZ:D, n=12...
Corollary. \ = 2:0 > 1,ifwg < 3.
4) The Robin problem: oy = aqy = 1.
In the isotropic case (a1 = ag = a3 = a4 = 1; f1 = P2 = B3 = 0) we obtain:
A —
tam(Awo) = 3010,

4.8.2 Three-media transmission problem

In this subsection we consider the eigenvalue problem corresponding to our trans-
mission problem for the case N = 3. Let S! be the unit circle in R? centered at
0. We write: Q; = G; N S'; i =1,2,3. The eigenvalue problem is the following:

P 4+ N2 (w) =0, w e Qy; (i =1,2,3);
Y1(w1) = Ya(wi); ¥3(02) = 2(62);
azYy(w1) — a1y (wr) + Brap1(w1) = 0;
az3(02) — azhy(02) + Barpa(Ba) = 0;
ara1y(0) +v111(0) = 0;

azazs(0s) +v393(03) = 0.

(4.8.2)

We find the general solution of equation (4.8.2):
Pi(w) = A;j cos(\w) + B; sin(Aw) = ¥ (w) = —AA; sin(M\w) + AB; cos(\w);

(1 =1,2,3), where A;, B; (i = 1,2,3) are arbitrary constants. From the boundary
condition of (4.8.2) we obtain a homogenous algebraic system of six linear equa-
tions for the determination of A;, B; (i = 1,2,3). The determinant of the system
must be equal to zero for the nontrivial solution of this system to exist. The latter
gives us the required equation for eigenvalues A:

N2aza3 (8171 + A2a1a?) — y3(B182m1 + A2a162a2 — A2y143)] - sin(hwr) sin(Awz) sin(Aws)
+Xaq - [)\2a3a§ (v1 — Bra1) +y3(B1P2a1 — v1 82 — )\2a1a§)] - cos(Awr ) sin(Awz) sin(Aws)
—Xa3 - [y3(B1im + /\2a1a%) + as3(B1B827m1 + )\20¢1ﬁ2a% — /\lea%)] - sin(Aw1 ) sin(Awz) cos(Aws)
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+X2aias - [v3(Bra1r — 1) + az(B1B2a1 — Y182 — /\2041’1%)] - COs
—Xaz - [y3(B2y1 + N2a1a? + Biv1) — A2azyiad] - sin

)

)
+22a1az - [y3(Ba0a 4+ a181 — 11) — A2azaia?] - cos(Awr) cos(Awz) sin(Aws)
—22azas3 - [y173 + a3(B2y1 + AN2a1a? + Bim1)] - sin(Awr ) cos(Aws) cos(Aws)
)

+X%a1az2as3 - @173 + az(B2a1 + a1 81 — 71)] - cos(Aw1) cos(Awz) cos(Aws)

We consider the following particular cases of boundary conditions.

1) The Dirichlet problem: ay = az = 1 =2 =0; 71 = 73 = L.

ayasz - cos(Awq ) sin(Aws) cos(Aws) + ajaz - cos(Awy) cos(Aws) sin(Aws)

+ asasz - sin(Awy ) cos(Aws) cos(Aws) — a3 - sin(Aw; ) sin(Aws) sin(Aws) = 0.

In the isotropic case (a1 = az = a3) we hence obtain the following well-known

result: sin(M3) =0 =\, = 7;;‘, n=1,2,....

Corollary. A = g,; > 1, if wp +we + w3 < 7.

2) The Neumann problem: g = a3 = 1; 1 = B2 = 0 = 73 = 0.

a3 - cos(Awy ) sin(Aws) cos(Aws) + agas - cos(Awy ) cos(Aws) sin(Aws)
+ aras - sin(Awr ) cos(Aws) cos(Aws) — aras - sin(Aws ) sin(Aws) sin(Aws) = 0.
In the isotropic case (a1 = ag = a3) we hence obtain the following well-known
result: sin(M3) =0 = \,, = em=0,1,2..
Corollary. A = g,; > 1, if wy +we + w3 < 7.
3) The mized problem: ag =v3 =1; ag = 1 = P2 = 70 = 0.

a3 - cos(Aw1) sin(Aws) sin(Aws) 4 a1as - sin(Aw; ) sin(Aws) cos(Aws)

+ ajag - sin(Awr) cos(Aws) sin(Aws) — agas - cos(Awr) cos(Aws ) cos(Aws) = 0.
In the isotropic case (a1 = ag = a3) we hence obtain the following well-known

result: cos(A3) = 0= )\, = LS U R I T

2603
Corollary. A = 223 > 1, ifw +wer+ws < 7.

4) The Robin problem: aq =1, ag =1; 81 = f2 = 0.

(Nafa3 + v173a3) - sin(Awy ) sin(Aws) sin(Aw3)

— X (130103 — y1a163) - cos(Awr ) sin(Aws) sin(Aws)
— Aaz - (y3a3 — y1a3) - sin(Awy) sin(Awz) cos(Aws)
— ajaz(y1y3 + A2a3) - cos(Awi) sin(Aws) cos(Aws)

— Aag - (7303 — y1a3) - sin(Awy ) cos(Aws) sin(Aws)

—ajas - (1173 + Aa3) - cos(Aw ) cos(Aws) sin(Aws)
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— agas - (1173 + Aai) - sin(Aw ) cos(Aws) cos(Aws)
+ Aarasas - (v3 — Y1) - cos(Awr ) cos(Aws) cos(Aws) = 0.

In the isotropic case (a1 = as = az = 1) we hence obtain the following
well-known result (see Example 1 in §10.1.7 of [14]): tan(\03) = i(zv_i;l’i;;.

4.8.3 Two-media transmission problem

The two-media transmission problem was considered in detail in Chapter 3.






Chapter 5

Transmission problem for weak
quasi-linear elliptic equations in a
conical domain

5.1 Imntroduction

In this chapter we investigate the behavior of weak solutions to the transmission
problem for weak nonlinear equations

d .
~4 (Jul?a™ (z)uz,) + b(z,u, Vu) =0, ¢ >0, x € G\ Xo;

L

g, =0, Slu) = [34]y, + o (‘g‘) w- lul? = h(z,u), =€ Do;

Blul= 34+ Ly (7)) we lult = g(o,w), €06\ {SU O}
(WQL)
(summation over repeated indices from 1 to n is understood); here:

[°]

® o

= [ula¥ (@)n; ,2 .

° [g:f] 5, denotes the saltus of the co-normal derivative of the function u(x) on

crossing X, i.e.,
ou o Ou o Ou_
— (9,4 Tl _1y19,% .
[ a] ) o ] ~lula?) G,

0

Definition 5.1. The function u(z) is called a weak solution of the problem (WQL)
o1
provided that u(z) € C°(G) N W (G) and satisfies the integral identity

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 105
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_6, © Springer Basel AG 2010
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/{\u|qaij(x)um].m;i + b(z, u,um)n(x)} dxr + / U(:J)u|u\q77(x)ds
G

Yo

+/’Y(rw)u|u\‘177(x)d3: /g(x,u)n(x)ds—i—/h(x,u)n(x)ds (II)

oG oG 3o
ol
for all functions n(z) € C°(G) N W (G).

Lemma 5.2. Let u(x) be a weak solution of (WQL). For any function n(z) €
o1
C%G)N'W(G) the equality

J{ et @y, e, + e o = [ afta (@), cos(r s,
Ge Q,
+ / (g(m,u) - Viw)uup) n(z)ds + / (h(:c,u) - ”(:’)uup) n(@)ds  (I1)e
s 0
holds for a.e. o € (0,d).
Proof. The proof is analogous to the proof of Lemma 3.2 Chapter 3. O
Assumptions. Let ¢ >0, 0< u<q+1,s>1, f1 >0, g1 >0, hy > 0 be given;
(a) the condition of the uniform ellipticity:

ar&® <af(2)&& < ALE?, Vo e Gy, VEER™ ay, Ay = const >0,

a+, IEG—H
a_, reG_;

at(0) = aég, where §g is the Kronecker symbol; a = { we write

a, = min{at, a_} >0, " =max{as, a_} >0, A" =max(A_,Ay);

(b) a¥(x) € C°(G) and the inequality

(Z 0 (2) —aii<y>2)§ < A(lz —y))

ij=1
holds for x,y € G, where A(r) is a monotonically increasing, non-negative
function, continuous at 0, A(0) = 0;
() |b(z,u,uz)| < aplu|T|Vul® + bo(2); bo(x) € L,2(G), n < p < 2n;

(d) o(w) > vy >0 on og; y(w) > vy >0 on 9G;
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Oh(z,u) 9g(z,u) .
(€) T S0, Ty <0
(£) lbo(2)] < frl2*=2, lg(z,0)] < gal2|*~", [h(z,0)] < halal*~".

We make the function change

u=uvv]" ! with ¢= (5.1.1)

q+1°
Then identities (IT) and (I1);o. can be presented in the form

/<§aij(x)vm].m;i +B(x,v,vx)n>dx—|— / ’Y(:})vn(x)ds + / U(w)vn(x)ds

oG 3o

G
= /g(x,v)n(x)ds+/H(3c,v)n(:r)ds; (II)
oG 2o

/<qaij(x)vm].nmi +B(x,v,vm)n>dx+/V(;u)vn(x)ds—k/a(w)vn(x)ds

r

Gg rg =8

= /gaij(x)vg:j cos(r, z;)n(x)dQ, +/g(x,v)n(x)ds +/H(x,v)n(x)ds (IT) 100
Q, re ne

o 1 o 1
for a.e. o € (0,d), v(z) € C°(G)N'W(G) and any n(z) € C°(G) N W(G), where

S Ul e

B(z,v,v,) = b(z,vv]* " clv] ),  Glz,v) = g(z,vv] ™),
H(x,v) = h(z,v[v]*"1). (5.1.2)
We assume without loss of generality that there exists d > 0 such that G¢ is
a rotational cone with the vertex at O and the aperture wy, thus
rd =< (r w)‘x% = cot? “° sz' re€ (0,d), w1 = o wo € (0,2m) ».  (5.1.3)
) 2 g 79 9 9 2 ) )
Theorem 5.3. Let u be a weak solution of the problem (WQL) and assumptions

(a)—(f) be satisfied where A(r) is Dini-continuous at zero. Let us assume that

My = max |u(x)| is known and X is as above in (2.2.1). Then there exist d € (0,1)
zeG
and a constant Cy > 0 depending only on n,a., A*,p,q,\ i, f1,h1, 91,0, s, Mo,

1
meas G, diam G and on the quantity [ Ay) dr such that the inequality
0

A(14g—p) 1
x| @tn? if s>\ ';i;“,
A(14g—p)
lu(z)| < Co(||u||2(q+1),c;+f1 + a1 +h1) Q7| @n? Inats (lil), if s=A1T0
s . —
||t zfs<)\1'~1_3_q“

(5.1.4)
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holds for all v € G&.

In addition, if coefficients of the problem (WQL) satisfy such conditions,
which guarantee the local a-priori estimate |Vulo.cr < My for any smooth G' CC
G\ {O} (see for example §4 in [6] or [64], [47]), then the inequality

A(l4q—p)
jaf wd if5> N0
A(1+g—p) _
|Vu(x)| <Ci- |x| etz L lnqil (|911|)’ if s = )\141-3:1#7 (5,1_5)
|x|‘Zi1_17 if s < )xl"l'i;“

holds for all x € G§ with C1 = c1(||ullag+1),6 + f1 + 91 + h1), where ¢c1 depends
on My, My and Cy from above.

5.2 Local estimate at the boundary
We formulate here a result asserting the local boundedness (near the conical point)
of the weak solution of problem (WQL).

Theorem 5.4. Let u(x) be a weak solution of the problem (WQL). Let assumptions
(a), (c)—(e) be satisfied. Suppose, in addition, that h(x,0) € L(Zo), g(x,0) €
Lo (0G). Then the inequality

—n 2 —n q:l
sup u(a)| < C{e™ 0 ullgon g + o8 TP ol o
0]

1 1 1 (5.2.1)
+ ot (e 0hy + It 01 E ) }

holds for anyt >0, » € (0,1) and o € (0,d), where C = const(n, a., A*,t,p,q, »,

w,G) and d € (0,1).

Proof. See the proof of Theorem 3.4 or Theorem 6.6 for m = 2. O

5.3 Global integral estimate

In this section we estimate the weighted Dirichlet integral.

Theorem 5.5. ! Let u be a weak solution of the problem (WQL) and assumptions
(a)—(e) are satisfied where A(r) is Dini-continuous at zero. In addition, let us
satisfy

00
bo(x) € W (G), /ro‘_lhz(x,O)ds < 00, /r“‘ng(x,O)ds <oo, 4—n<a<2.

>o oG

ISee also Subsection 5.5.2.
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ol
Then |u(x)|9T € W __5(G) and there exists a constant C > 0 depending only on

2
s, @, 1, ¢,y A from (2.2.1) and the domain G such that the inequality

/a (ra_z\u|2q\Vu\2 + ro‘_4|u\2(q+1)) dx + /ra_3a(w)\u|2(q+1)ds

G 2o

+ /ra_?’v(w)|u\2(q+1)ds (5.3.1)
oG

<C 2@ 4 (14 )02 (2)) dz + [ ro  h3(x,0)ds + [ 7" g?(x,0)ds
(/1 )i+ | [ o)

Yo oG

holds.

Proof. At first we make the function change (5.1.1) and consider the integral
identity (II) for the function v(z). Putting in this identity n(z) = r&2v(x) we
obtain

g/ar?_Q\Vdex—i—/r_lr?_Qa(w)vQ(x)ds—i— /r_lr?_Z’y(w)vz(x)ds
G o oG

9 _
=<, @ /ar?_4(xi —el)(v?),, dx
G

+¢(2—a) /(aij (z) — a”(0))reH(z; — el;)vg, v(z)dz
G

-3 /(aij (z) = a”(0))re vy, vy, da — /B(x, v, v )1 20 (x)dx

G G
+ [ tumeds + [ 122G, 0)ds (5:3.2)
Yo oG

Integrating by parts, we have

b 2 a 2
/ar?_4(xi —el;) v dx = /a+r€a—4(xi —el;) 81;+ dx

6.%1‘
G G4
+/ a4 l)aﬁd (5.3.3)
a_T €T; — El; X ..
€ 31‘2

G_

0

= —/cw2a <r§_4(xi - Eli)) dx + / arv3reHw; — el;) cos(M, ;) ds
T

aG 4
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13}
+ / a_v2re 4 (x; — ely) cos(M, x;)ds = — /av2 . (7‘?_4(@- - sli)>dx
oG _ G '
+ /av2rg_4(a:i —el;) cos(, x;)ds + [a]x, /U2Ta Yz — ely) cos(T, x;)ds,
oG 3o
because of [v]y, = 0. Now we calculate:
1 02 (re=Ma; —ely)) = nre =+ (a—4) (2 —ely)re > vimeli = (n4a—4)ro—?

oz, Te

= cos(zp,x;) = OF,

2) because of cos(7 , z;)
Yo

=0;"(z; —¢l;
=00l

= (xn —elyp)

(z; — el;) cos(T, ;)
Yo

since ¥o = {2, =0} NG and [,, = 0;
3) from the representation G = I't UT'; and by (4.2.1),

(z; —el;) cos(T, ;)

. Wo
= —€sin -
d 2

0

/av2r§‘_4(xi —ely) cos(T, x;)ds

oG

= —esin u;O /av réT 4ds+/av2ro‘ Y2 — ely) cos(W, x;)ds.

rd Ta
Then from (5.3.3) it follows that

— 2 — —n—
2-a /ar?_4(xi —Eli)gq;'dx = 2 a)(42 n-a) /ar?_4v2daj (5.3.4)
a a

€

2 — 2 -
N /cw re~4ds + 5 @ /av2ra_4(xi —el;) cos(T, x;)ds.

rd Iq

Then we can rewrite (5.3.2) in the following form:

2 2
G r‘g Yo

9 _
C/ar?_2|Vv\2dx—|—5§ % sin 0 /av re” 4ds+/ o725 (w)v? (z)ds

2—«

+/r‘1r§_27(w)v2(x)ds =7, g/av2r§_4(xi —¢el;) cos(T, x;)ds

oG Ty
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2—a)(d—n—
4 g( a)(d—n—a) /ar§_4v2dx
+¢(2—a) /(aij(x) —a"(0))re~H(@; — eli)vg, v(z)da

- c/(aij(x) —a"(0))re v, v, da — /B(x,v,vx)r?_%(x)dx

G G
+/r?_2v(x)H(x,v)dS—|—/r?_zv(x)g(x,v)ds. (5.3.5)
>o oG

Now we estimate the integral over I'y. Because on I'y:
re >hr>hd = (a—3)Inr. < (a—3)Iln(hd),

by a < 2, we have r®=3|p, < (hd)*~> and therefore:

2— 92 _
) ac/avzr?_4(xi —ely) cos(T, x;)ds < ) ac/ar?_gvzds
Fd Fd
2 — _
< 5 ag(hd)a 3/av2ds < c/(v2 +|Vo*)dz, (5.3.6)
'y Gg

by (1.5.12). By virtue of assumption (¢) and the function change (5.1.1), we have
v - Blx,v,v,)| < aps?|Vol? + by(z)|v]. (5.3.7)

Using the Cauchy inequality we deduce the following:

/B(m,uvw)r?_zw(aj)d:r < ugz/arg_z\vwzdx+/r?_2|v|b0(x)dx (5.3.8)
G G G

) 1
< qu/ar?_2|Vv\2dx+ 9 /ar_2r3_2vzdx+ 954 /r2rg_2b(2)(x)dx, Vo > 0.
G G e

Now we use the representation G = G¢UGy. For the estimating integrals over Gg,
by assumption (b) and the Cauchy inequality, we obtain

/{ (a¥ (z) — a”(0)) (r& ?vg, v, + re ™z — ely)v(z)vy, ) do (5.3.9)
G§

< A(d) / a(re72 V0 + 1270Vl fo(@)] ) da

Gg
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< 2A(d) / a (ré 3| Vo? + r&~%0?) da.

G§

Now we estimate integrals over G4. By assumptions (a), the Cauchy inequality
and taking into account that r. > hd for r > d, we get

/{(aij (z) —a"(0)) (r® 2vg,va, + 10 2 — Eli)v(x)ij)}dx (5.3.10)
Ga
< A*/ (Zr?_2|V7}2 + r?_4v2) dz < C(A*, h,a,d) / (Vo] +v°) dz.

Gd Gd

Further, because of assumption (e),

vG(x,v) = vG(x,0) + v? - / aga((f_’;;v)dT <|g(z,0)]| - |v]. (5.3.11)

But, by the Cauchy inequality and vy(w) > v9 > 0,

9(,0)] - [o] = (r L lo@0)) (rE VA

2, 1

2
+ gy 790,

for all § > 0; taking into account that r. > hr (see Subsection 1.3) we obtain

) 1 1
a—2 < a—2 2 a—1_2 3
/rs vG(z,v)ds < 5 /Ts Tﬂy(w)v ds + 2% /r 9°(z,0)ds, (5.3.12)

oG oG oG

for all § > 0. Similarly,

1) 1 1
a—2 < a—2 2 a—122
/rs vH(z,v)ds < 5 /rs ro(w)v ds + %00 /r h*(x,0)ds, (5.3.13)

3o >0 3o

for all § > 0. As a result, with regard to ¢ < 1, uy¢ < land 4 —n < a < 2 from
(5.3.5)—(5.3.13), we obtain

1 1
§(1—,ug)/arg_z\Vdex—l—/Trg_za(w)v2(x)ds+/Trg_zv(w)vz(x)ds
G o oG

3 5
< 2A(d)/a(r?_2|V1}\2 +re7 %) dr + 9 /ar_zr?_2U2dx
Gd G
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—|—C’/(|V1}\2+U dx+ / b3 (x

Gy G
1 a—1 2 a—1712
+25V0{/r x0d3+/ h*(z,0)d
oG
0 a—21 2 a—21 2
+2{/r5 . o(w)v ds+/ . y(w)vids ¢, (5.3.14)
20 oG

for all § > 0. By the inequality r. > hr, we have 72~ < h=2r=2r2=2_ Hence, by
Lemma 2.5, from (5.3.14) it follows that

(1 —ug){/ar?_2|Vv2dx+/ 1r§_2a(w)vz(x)ds+/ 1r?_2’y(w)v2(x)ds}
T 7
G oG

o

< e(hwo) (6 + A(d)) { / aro=2| Vo 2de + / r 020 ()2 (2)ds  (5.3.15)
G

Yo

1
+/r_1r€a_2’y(w)v2ds} +C’/(\Vv|2 +v2) dx + 9g 5/7’abg(x)dx
P G

oG
1

1
a—1_2 a—1p2 Y Ve
2(51/0 / ({L’, ) Q(il/o / (J;, ) ) > ’ >

oG 2o
Because of 0 < pp < 1+ ¢, we can choose § = 4c()\§w0)(1 — ps) and next d > 0

i
such that, by the continuity of A(r) at zero, c(\,wp)A(d) < §(1 - pc). Thus, from
(5.3.15) we get

1 1
/ar?_Q\VUFdx—F/Tr?_za(w)v2(x)ds+/Tr?_2'y(w)v2(x)ds

G Yo oG

< C(a*,a,k,mq,n,d){ Jawo + o+ [ roi(a)da
G G
1 1
+ ” /ro‘_ng(x,O)ds + 5 /ra_th(x,O)ds}, Ve > 0. (5.3.16)
OBG 020

We can observe that the right-hand side of (5.3.16) does not depend on . There-
fore, performing the passage to the limit as € — 40, by the Fatou Theorem, we
1

derive v(z) € VOVa_z(G) and

/ aro=2|Vo|2dz + / ro=3 ()2 (2)ds + / Py ()02 (2)ds

G Yo oG
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< C’(a*,oz,)\,u,q,n,d){/(Vv|2 +0?)dz + /ro‘b%(x)dx
G G

1 1
+ /Ta_1g2(x,0)ds—|— y /ra_lhz(x,O)ds}. (5.3.17)
0

Vo
3o

Returning to the integral identity (ﬁ) and setting in it n(z) = v(z), we get

/<<aij(x)vxjvxi +B(x,v,vx)v>dx+ / W(Tw)v2ds + / U(Tw)vzds

G oG o

= /g(x,v)vds+/7'{(x,v)vds.
oG o

From the ellipticity condition (a), inequalities (5.3.7)and (5.3.12)—(5.3.13) for a =
2,0 = 2, it follows that

¢(1- ug)/a\VUFdx (5.3.18)
G

< c(a*,uo,diamG){/ (Jv]* + b5(2)) dx—i—/ro‘_lgz(x,O)ds—i—/ra_th(x,O)ds}.
a oG 2o

Now, using the inequality (2.2.3) and returning to the function w(z), by means
of the function change (5.1.1), from (5.3.17)—(5.3.18) we get the desired estimate
(5.3.1). O

5.4 Local integral weighted estimates

In this section we will derive a local estimate for the weighted Dirichlet integral.

Theorem 5.6. Let u be a weak solution of the problem (WQL), A be as above
in (2.2.1) and assumptions (a)—(f) be satisfied where A(r) is Dini-continuous at
1

zero. Then |u(z)|7™1 € W,_, (G) and there exist d € (0,1) and a constant C > 0

1
depending only onn, s, X, q, i, Vo, ax, G, X and on | Ay) dr such that the inequality
0

/a (rz_”\u|2q\Vu\2 + r‘"\u|2<q+l)) dr + /rl_"a(w)|u\2(q+1)ds
G§ %5
+/r1_"’y(w)|u\2(Q+1)ds

rg
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1 1 oIk, if s > A1 — pg),
< C(/ u? D da 7+ Vog%+ " h%) - P =i In? (;) if s = A1 — p),
G 0%, if s <A1 — ug)
(5.4.1)
and ¢ = 1_}_(1 holds for all 0 € (0,d).

Proof. Performing the function change (5.1.1) we consider the integral identity
(I1)ioc for the function v(z). From Theorem 5.5 it follows that v(z) belongs to
1

W,_,.(G), so it is enough to derive the estimate (5.4.1). Using the function V(o)
that is defined by (2.4.10) and setting n(x) = r?>~"v(z) in the integral identity

(I1)i0c, We obtain

a/U .. ..
V(o) < <o [ av() dQ+s [ 17 u(@) (¥ (2) = a¥ (0)) vz, cos(r, z:)dy
Jrotl o
+/r2_”v(x)g(x,v)ds +/r2_”U(I)H($aU)dS+C(n_ 2)/‘“"_nxim’ridx
rg =8 Gg
+ / {—cﬂ—” (a9 (2) = a9 (0)) vy, va, + s(n = 2)r"v() (a” (2) = a”(0)) @ivs,
Gy

— r2_"v(x)3(x,v,vm)}dx. (5.4.2)

We transform some integrals on the right. By the divergence theorem,

—n n—2 [ ax; Ov?
(n—2)/ar (X)) 20, dx = 5 / o &udw

Gg Gg

-2¢r1
" { / av?(z)x; cos(r, z;)dS,
2 on

QQ

+ [a]s, /r‘”vQ(x)xi cos(n,xi)ds—l—/ar_"vQ(x)xi cos(n,xi)ds}.

=8 rg

Since x; cos(n, x;) = o; zicos(n,z;)| = x;cos(Ty, ;) .
Yo Y

FSZ 0, x; cos(r, x;) o,

r,| =0, we have from above
o

(n—2) / ar " o@yrgdr =" 2 / a2 (2)d92. (5.4.3)

Ge Q
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Under Lemma 2.12, from (5.4.2)—(5.4.3) it follows that

V(o) < ¢ V(o) + Q/U(x) (a(x) — a”(0)) va, cos(r, z;)dS

2
Q
1 [ 1 [
+ . /1"2 v(x)G(z,v)ds + . /7‘2 v(x)H(x,v)ds
rg b
+ /{—1"2_” (a”(z) — a”(0)) vy, va, + (n — 2)r""v(z) (a” (z) — a”(0)) 204,
Gg
1 2—n
-7 U(I)B(I,U,Ur)}dx. (5.4.4)

By virtue of assumptions (b)—(d) together with inequalities (5.3.7) and (5.3.11),
from (5.4.4) it follows that

(1= pIV (@ < f V() + eAl) [ alol[olar+ | [ r2"lufa)lg(a,0)lds

2
Q rg
1
+ / P27 u(@)| |, 0)|ds + 1 (n)Ale) / a (Vo 4 ol V) de
¢ G§
1
o / 2= o) lbo () . (5.4.5)

Gg

Applying the Cauchy and Friedrichs-Wirtinger inequalities we have (see (W)a,
(2.4.12))

1
/ag\vHVv\dQ <, /a (0*[ Vo> + [v]?) dQ < ea(N) oV (0) (5.4.6)
) )

as well as, by virtue of the inequality (2.2.3) with « =4 — n,

[ar = livede < [ a (2 9o 4 ) de < (V@ G47)

Gg Gg

Further, by the Cauchy inequality with V§ > 0,

[ miuligteolds = [ (5" Vel ( Wl(w) |g<x,o>|> ds

rg rg

4 1— 2 1 3— 2
< " ds + " ; (5.4.
<5 [ s + o [ gt 0)Pds: (5.4
rg rg



5.4. Local integral weighted estimates 117

/r2_”\v\|h(x,0)\ds = / (rlgn \/a(w)\v\) <r32n \/;(w)h(x,0)|> ds

4 £
< §/r1_"a(w)\v\2ds—|— ! /7‘3_"|h(x 0)2ds; (5.4.9)
-2 201 ’ ' o
£ £
/r2—"|v(x)\|b (@)dz < 0 /ar‘"|v|2dx—|— ! /7‘4_"\1) 2dz
0 = 2a, 25 0
ae e e
d 1 4—n 2
= ca(N)V (o) + o5 | T |bo|“da: (5.4.10)
&

because of the inequality (2.2.3) with & = 4 — n. Thus, from (5.4.5)—(5.4.10) we
get

{0= 1) = es(n, A\ q,0.)(6 + A} V() < ) (1+cs(NA@) V! (e)  (5:411)
1

1 1
- /7‘4_"|bo|2dx+ /Tg_"\g(x,O)Pder /Tg_"lh(x,O)Pds , V0> 0.
29 ) )

Gg rg =8

However, by the condition (f),

1 1
/r4_”\b0\2dx—|— /7‘3_"|g(x,0)|2ds—|— /r3_”\h(x,0)|2ds
1) o

Gg rg D%
(@) (o, 1 o 1.9 2
< hi | -0°°.
- 2s (fl * l/ogl * vy ¢
From (5.4.11) we obtain the differential inequality (CP) §2.4 with

Plo) = 2; (1= ) — es(m, A @) (6 + A(@)}, V6> 0; N(g) =0

A 1 1
Qo) =" co(G) (ff + gt h%) 07T VO > 0 (5:4.12)
s Yo Yo
Vy = C’{ / (v* + (L +r*"™")bj(2)) dz + /r3_"h2(x,0)ds + /r?’_"gz(ac, O)dS}7
a 2o el
by (5.3.1) with a =4 — n.
1) Case s > A(1 — pg). Choosing 6 = ¢°, Ve > 0, we have

Plo) = 2; (1= ) — es(m ), a) (& + A()}:
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A 2 1 2 1 2 2s—1—¢
Qo) = aol) (£24 a4 | 1) P71

We can represent P (o) = 2>‘(1Q_“ 9 _ ’C(Qg), where K(p) satisfies the Dini condition
at zero. Therefore

—]P(S)ds = —2)\(1 - p<)In C) +j M) gs < (f)m_“@j ’Cff) dr —

S
4 e

d d
2X(1—ps) 22 (1= ps)
exp —/73(7')(17' < (2) " exp /}CS_T) dr | = Ky (S) " ;
) 0
f 2X(1—pis) g K 2X(1—ps)
—HS —HS
exp —/P(T)dT < (f) 8 exp / S_T)d’]' =Ky (79_) "~
) 0

We have as well:

/d (7) exp<— / P(a)da> dr

d
Ao K
< C(f9 0 (f12 +g% + h%) Q2)\(1—,uqq) /723—2A(1—p§)—s—1dT

4

< e Ky ds—2(1—ps)

<7 (gt )

92/\(1—#0
s = A1 — pe) ’
since s > A(1 — ug) and we can choose € = s — A(1 — ug).

Now we apply Theorem 1.21: then from (1.7.1), by virtue of the deduced
inequalities and taking into account (2.2.3) for & = 4 — n, we get

/a (r*7"|Vo]? + ") dz + /rl_"a(w)UQ(:c)ds + /rl_"v(w)UQ(x)ds

Gg ¢ re
<O (lvl3e+ 7 + g5 + h7) X0+, (5.4.13)

where C' = const(n, s, q, \, i, 1o, G). Returning to the function u(z) by means of
the function change (5.1.1), we obtain the statement of (5.4.1) for s > A(1 — p).

2) Case s = A(1 — pug). Substituting in (5.4.12) an arbitrary function §(o) > 0
instead of § > 0, we have the problem (CP) with

P(Q) — 2)‘{(1 - :U’g) - 05(5(Q)} A(Q) /\/(Q)

— G5 )
1% 4
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1 1
Qo) = lG) (11 + |t + ) 1) 67 (@)™
Vo 120

Choosing d(g) = ! , 0 < p < d, where e is the Euler number, we obtain
2Xcs In ( Egd)

T T d
2X(1—ps)
_/P(U)dagln<9) " +/ do +C5/A(T)d7’
T o.ln(ed) T
4 o 0

ORI

exp( — TP o)do o)) lnze"d) exp( e / AT 4
p( ! (o) ) (7) (w) p<5! T )
exp(— Z P(T)dT) < (5)%(1_‘“) 1n(ej) exp<c5 O/d “457) dT).

We also have

[ oo~ [ pioria)

d
1 1 _ ed dr
< cg <f12 + ¢+ hf) o2 (=e) ln( ) / )
A o/ ) ro(r)m(<)

1 1 d
< 2Xescq <f12 + Vog% + " h%) - P A=ho) 11(12(e )

IN

Y

Now we apply Theorem 1.21: then from (1.7.1), by virtue of the deduced inequal-
ities and with regard to (2.2.3) for a = 4 — n, we get

/a (rz_"|Vv\2 + r‘"vz) dz + /rl_"a(w)v2(:c)ds + /rl_"v(w)v2(x)ds
a3 =8 r§

d
< C (Il + 77+ f + 1) 070 m? (), (5.4.14)

where C' = const(n, s, q, A, i, 1o, G). Returning to the function u(z) by means of
the function change (5.1.1) we obtain the statement of (5.4.1) for s = A(1 — ).
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3) Case 0 < s < A(1 — ug). Analogously to case 1), taking into account
(5.4.12), we have

d
A (1—ps—6) A (1—ps—6)
exp< /P dT) < ) o exp< 5/A dq-) = 8(2) o ;
0

T

fatwo(- friou)

d
co(Vg,G) (F2+ g2 + h2) PP (15 =) /TQS—QA(1—;L<—5)—1dT
)

1 1
<o <f12 T T VOh%) T

if we choose 0 € (0,1 — pug — ).
Now we apply Theorem 1.21: then from (1.7.1), by virtue of the deduced
inequalities and taking into account (2.2.3) for o = 4 — n, we get

/a (=" Vo> + r7™"0%) da + /rl_"a(w)vz(x)ds + /rl_"v(w)vz(x)ds

G§ =5 rg

< O (lvl3,q + f7 + g% + 7) 0>, (5.4.15)
where C' = const(n, s, q, A, i, 1o, G). Returning to the function u(z) by means of

the function change (5.1.1) we obtain the statement of (5.4.1) for s < A(1—pg). O

5.5 The power modulus of continuity at the conical point
for weak solutions

5.5.1 Proof of Theorem 5.3.

Let us introduce the function

NI—He) if s > A1 — o),
P(o) = ko) ln(é>, if s = A1 — uo), (5.5.1)
0°, if s <A1 — pug)

for 0 < p < d.
We perform the function change (5.1.1) and consider the function v(z). For
it, by Theorem 5.4 about the local bound of the weak solution modulus, we have
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sup [o(a)] < C{ o™ ollacg + & ol
G5

+ 0(llg(. 0)loe.xs + 112,055 ) }» 0 € (0,d), (5.5.2)

where C = C (n,as, A*,p, 1, G) and n < p < 2n. Further, by Theorem 5.6 (see
(5.4.13)~(5.4.15)), we have

1/2
ooy < [redads) < Il + ft o+ )oto). (553)
G

Now, by the assumption (f),

1 ol .5 + 0 (1190w, 0o g + (2, 0) e 52 ) < e (1 + g1+ ha) (o).

(5.5.4)
From (5.5.2)—(5.5.4) it follows that
sup [v(a)| < O(|lvlla.c + i+ 01+ (o).
ol
Setting now |z| = 1o and returning to the function u(z) by (5.1.1) we obtain

finally the desired estimate (5.1.4).

As well we shall estimate the gradient modulus of the problem (WQL) so-
lution near a conical point. Let us introduce two sets GZ@ , and G¢ /2 C GZ%,
0 > 0. We apply the change of variables x = gz’ and v(pz’) = ¥ (0)z(z’). Then

the function z(z') satisfies in the weak sense the problem

- 2
7§dcrl; (a”(gx/)zm'j) + ¢Q(@)B(Q$/’¢(Q)Z(x/), w(gg) zm/) =0, T e G%/ﬁlv

2@ sz, =0 6 [S)ge + 74050 = 8 Hlor' w(0)=(a"), = €33,

1/4 1/4
<fn + 1)) = 8 Glox!, p(0)2(')), reT?,.

weQLy
Now we apply our assumption about a priori estimate of the gradient modulus of
the problem (WQL)" solution

max |V'z(z)| < M (5.5.5)
T €G1/2

(see §4 Theorem 4.4 in [6] or §§3, 5 from [64] as well as [47]). Returning to the
variable 2 and the function v(x) we obtain from (5.5.5)

V()| < Mo~ (o), v € Gy )y, 0< 0 < d.

Setting now [z| = 3¢ and returning to the function u(z) by (5.1.1), we obtain
desired estimate (5.1.5).
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5.5.2 Remark to Theorem 5.5

Now we can state that Theorem 5.5 is true for a € (4—n—2AX, 2], if a neighborhood
of the conic point is convex and the inequality

o< (14 q)(a+n+2X—4)(n+ 2\ — )

=H IANA+n—2)+(4—n—a)? (5.5.6)

is satisfied. In fact, from estimate (5.1.4) we obtain «(0) = 0 and therefore we can
apply Lemma 2.10 to the proof of Theorem 5.5 for & € (4 —n — 2X,;4 —n). In this
case the equality (5.3.4) can be rewritten, by virtue of (2.3.8), in the form of the
inequality

2 — ov? 92 _
5 @ /ar?_4(xi —el;) 81:;» dx < ) @ /av2r§‘_4(xi —el;) cos(n, x;)ds
G ’ Ty

e “)(42‘ "= g, a){ / v Vo2 + / P30 () (x)ds

Gg =

rg

where H(\,n,a) is determined by (2.3.3). By virtue of the convexity of G and
the first property of r. (see §1.3), we have r. > r. Therefore (5.3.14)—(5.3.15) take
the form

¢ (1 _@- 0‘)(42_ "= H(n,a) - u<> {/arg—2|w2dx
G

+/,1~Tsa_20(w)”2($)d8+/i”?_zv(w)vz(m)ds}
aa

o

< (A, wo) (0 + A(d)) {/ar?_QWdeaz + /r‘lr?_za(w)UQ(x)ds
G

P
1
+/r—1rg_27(w)vzds} +C/(|Vv\2+v2) dx + 9% 5/Tab(2)($)dx
& G

1

1
a—1 2 a—1712
T 2610 /T 9" (x)ds + 2610 /7" h*(x)ds, ¥6 > 0,Ye > 0.

oG o
But, by (2.3.3) and 4—n—2\ < a < 4—n, we verify that 1— ®~E="") f(\ n, a)

> 0. Then, by virtue of (5.5.6), we obtain that 1— (2_a)(é_n_a) H(\ n,a)—us > 0.
Now, choosing first 6 > 0 and next d > 0, together with A(d) appropriately small,
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we guarantee the realization of (5.3.16). Further, just as in the proof of Theorem
5.5 we obtain the required statement.

5.6 Example

In this section we consider the two-dimensional transmission problem for the
Laplace operator with absorbtion term in an angular domain and investigate the
corresponding eigenvalue problem. Let n = 2, the domain G lie inside the corner

Go={(rw)lr>0; = <w< "7} woelo.2nf; 0 €dC

and in some neighborhood of O the boundary 0G coincide with the sides of the

“0 and w = “’20. We write

corner w = — 2

Iy ={(r,w)|r>0; w::l:a;O}, Yo ={(r,w)|r>0; w=0}

and set o(w)| = 0(0) = 0 = const > 0, y(w) = v+ = const > 0. Let us

w
o w==+P

consider the problem:

(Ju|Tuy,) = agr—2ulu|? — pulu|'?|Vul]?, z € G\ So;

dl‘i
[uly, =0, MU\qu]ZD + ‘i‘U(O)u|u\q =0, zé€Xp (AL)
araslug|tOE + o VU g =0, el \O

where ag > 0,0< u<1+¢,q>0; ag € {0;1}; ax > 0. We perform the function
change (5.1.1); then the problem for the function v(z) has the following form:

Av+ psv Vo2 = ag(1 4 ¢)r—20; <= x € Go \ Xo;

1
1+4+q°
Wy, =0, [a82]s, + (1 +)o(0)) =0,  z€%y;

oG 8;: + (14 q)v+ vi(@) zelL\O.

||
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We want to find the exact solution of this problem in the form v(r,w) = r*¢(w).
For ¢(w) we obtain the problem

W)+ P ) 4 {1+ ) — ap(14 )} - (w) = 0
we (=%,00U(0,%9);

)

[Y]w—o =0, [a¢'(0)] = (1 + q)o(0)4(0);

tarardly (£9) + 1+ @)ravs (£9) =0.

Let us assume 22 > ag Ei‘;‘i_); and define the value
1 2
Y= [z —ag LT (5.6.1)
14+g+p
We consider separately two cases: y =0 and p # 0.
Case u=0.
We have
Yy (w) = Acos(Yw) + By sin(Tw), (5.6.2)

where constants A, By should be determined from the conjunction and boundary
conditions; namely, they satisfy the system

(1+¢q)o(0)-A—a Y By +a-T -B_ =0
{(14 q)vcos (T%) — ararTsin (T4)}- A
+{(1+q)y+sin(T) +ara Y cos (YY)} - By =0
{(14+q)y—cos (T%) —a_a_Tsin(T)}- A
{1+ @r=sin (T*P) +a_a_Tcos(Y%)} -B- =0.

The Dirichlet problem: ayx =0, v+ # 0.
Direct calculations give
wo . T ifo(0) = 0;
w) = cos(Tw cot(T )~smTw, T = wo
V() = cos(Tw)  cot (1) -sin(T) {T*’ ) 20
where 7 is the least positive root of the transcendence equation

1
T - cot (TWO) —_ e a(0)
2 ar +a—

and from the graphic solution (see Figure 2 §3.6) we obtain [ < 1™ < 2

0 wo
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The corresponding eigenfunctions are

va@) =4 (Z‘:) ’ if o(0) = 8;

cos(T*w) + ajig, 7O sin(Tw), if 0(0) #

The Neumann problem: ar =1, v1 = 0.

Direct calculations will give:

where 7 is the least positive root of the transcendence equation
1
T—tan(Two): +a a(0)
2 ay +a—

™
wo *

and from the graphic solution (see Figure 3 §3.6) we obtain 0 < 7™ <
The corresponding eigenfunctions are

bal) 40 sin (g{j) : if 0(0) = g;

cos(Tw) + e % sin(Tw), i o(0) #

Mized problem: ay =1, a_ =0; v+ =0, y_ = 1.
Direct calculations will give:

2 a- _0
r_ ) arctan \/a+ , ifo(0) =0;
T*, if (0) # 0,

where 7 is the least positive root of the transcendence equation

a4 tan (Tu;0> —a_cot (Tu;0> 1 ; qa(O)

and from the graphic solution (see Figure 8) we obtain

2 a_ T
arctan <T < .
wo ay wo

The corresponding eigenfunctions are

(o) = cosrw) /(1) s, it o(0) = 0
Vi (W) = cos(T*w) + T - sin(T*w), we [0,%], ifo(0)#0,

125
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c
atanx —bcotxr = ; a,b,c>0;a#b, x>0
x

/xo ¥

\/ b L T
arctan <zt <
a 2

[N

Figure 8: The graphic solution

where
(1+0)o(0) + V(1 +4)202(0) + 4720 1a—

T =
2T*(1+

The Robin problem: ayx =1, v+ # 0.

Direct calculations of the above system give:

a
1) T+ = ™ n this case we get either
v—  a-

i (w) = ag sin(T*w),

where 7 is the least positive root of the transcendence equation

T - cot (TQ;O) =—(1 +q)Z:
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and from the graphic solution (see Figure 2 §3.6) we obtain

2
Torr< ﬂ,
wo wo
or . 0
Py (w) = cos(T*w) + 0 IZ_ . UT(*) sin(Y*w),

where 7 is the least positive root of the transcendence equation

a+o(0) +v4(a+ +a-)

tan (T“;O) =(1+ q)1ra+(a+ T (Lt P (0) (5.6.3)
In particular, for o(0) = 0 we have
Y ) = cos(Tw), tan (1) = 1;(1 . Zi
and from the graphic solution (see Figure 3 §3.6) 0 <7 < 7.
We rewrite equation (5.6.3) in the form
tanz = 5 5 40;
=2 rotass@iimetat P =T ettty =

b _ v+0(0)
a (1 + q) "’é‘) : \/a+(2++a,) :
The graphic solution. Now we consider three possible situations.

wo

a) (1+¢q)- \/a;(’;jf;i) < T (see below Figure 9). In this case we obtain

(1+q)~\/ 100 e T
at

(a+ +a-) wo

b) T <(14¢q)- \/ 1400 - o i’; (see below Figure 10). In this case we obtain

wo ay(ayta_)

™ * ) 7+0(0)
wo <T<{+q \/a+(a+—|—a_)'

c)(1+gq)- \/ 7o ™ (see below Figure 11). In this case we obtain

at(atta—) — wo

21 37
<T < .
wo wo
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b w
tanx:azxz_bz; a,b>0;a< 2;95>0

2 o

™~
~
8 N'
8
™
3
Il
=
m
<zt <
a 2
Figure 9

2) b # “* In this case we get A # 0 and from (5.6.2) it follows that
v a—
14 (0) # 0; further see below the general case p # 0.

Case u#0.

We observe that in this case ¥(0) # 0. By setting y(w) = lfp/((;)% we arrive at the
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a2x2 — h2

a

Figure 10

problem for y(w):

O

0) U (0

wo
2

Y 4+ (14 )y (W) + (1 + pc)»® —ag(l+¢) =0, we (-

\0} [e]
<
= A
T
+ =
= 4+
N =
= +
N
> 3@
_
s
_ H
—_ D
s g
T H
T 3
SE
—_———
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x b w

tanx=a2x2_b2; a,b > 0; 0 2;5E>0
Y 8

=

<

s

Il

EN

37

T<rt<
2

Figure 11

By integrating the equation of our problem we find
Y+ (w) =T tan{Y (Cy — (1 + ps)w)}, VC4. (5.6.4)

From the boundary conditions we have
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wo 1 (1+a)v+
Cy =41 t .
+ ( +M§) 2 + T arctat aiaiT
Finally, by virtue of the conjunction condition, we get the equation for the needed
»:

(5.6.5)

agapYtan {(1+p)T P} = (14 )+
ayar T+ (1+q)yy tan { (14 ps)T }
a—a_Ytan {(1+pc)Y< } — (1+q)y-
a_a Y + (14 q)y—tan {(1 4+ )T }
_1+gq 1+qg+p
r 1+q

+a_ -

o(0), where1+ pg = (5.6.6)

Further, from (5.6.4) and (5.6.5) we obtain

_ L+qg+p [, wo (1+q) v+
Yyt (w) = Ttan{T 144q (:I: g ~ ) F arctan crasT (5.6.7)

and, because of (Inv(w)) = y(w), it follows that

14q 1+q¢+ w 14
i (w) = cositatn {T . j_ ¢ a (:t 20 - ) F arctan (aiaq:z;i } : (5.6.8)

At last, returning to the function wu, by (5.1.1), we establish a solution of (AL)

1+q+u(

j:wo — w) F arctan
1+¢

2 1
ug (r,w) = rita cositatn {T* )

(1 +q)y=
arar*

(5.6.9)
where 7 is the smallest positive root of the transcendence equation (5.6.6) and
» is defined by (5.6.1).

The Dirichlet problem: ayx =0, v+ # 0.

g LT if g (0) = 0;

Direct calculations will give 1" = { 1+g+p  wo’ where 7* is the least

T, if 0(0) #£ 0,
positive root of the transcendence equation 71" - cot (1“1'3_‘5“7’“’20) = —aj_ti a(0)

and from the graphic solution (see Figure 2 §3.6) we obtain 1—11-?;—3;1 S ST <

1—31# . fj{: The corresponding eigenfunctions are

ug (1, w)

[ Pt (22)5 2= Vot o0 =0,
R L sin (T TEG) o cos (70T i (0) £0,
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If we consider the Dirichlet problem without the interface: o+ =0, a4+ =1,
o(0) = 0, then we obtain the same result. It is a well-known result (see Example
4.6, p. 374 [7)).

Now we can verify that the derived exact solution satisfies the estimate (5.1.4)
of Theorem 5.3. In fact, in our case we have: the value A for (2.2.1) is equal to

v = 7 and therefore
0

\u(r w)\ < 2 < rwo tatn < rwﬂo ;ltfwg

1+q—p
1+q+u = (+g)*-

The Neumann problem: ay =1, vL = 0.

1+q 27 if o(0) = 0:
Direct calculations will give ™ = { I+gtn wo’ (0) =03

since ag > 0 and

where T7* is the least

T+, if o(0) # 0,

positive root of the transcendence equation 7" - tan (1"1'3_'*'“7’%) = a:ig, o(0) and
from the graphic solution (see Figure 3 §3.6) we obtain 0 < 7™ < 1i¥i# . 50 The
corresponding eigenfunctions are

ug (1, w)

X ! 2 5y (27 /wo)?+ao(1+q+u) :
B ,r,)\ CcOS 1+a+nu ( ;T;”’) ; A= \/ (;_—‘,-q-‘,-; , if O'(O) = O,
— 1
rita ajig, : 0}9) sin (T* 1‘{1‘;“@) =+ cos (T* Hl'i‘g“w) i e (0) # 0,

where s is defined by (5.6.1).
Mized problem: ay =1, a_ =0; 74 =0, v = 1.

i ) o 2. 14 arctan \/ -, ifo(0) =
Direct calculations will give: T = ¢ @0 1Fatu o+
T, if 0(0) 0,

T* is the least positive root of the transcendence equation

1 1 1
a+tan< +Q+“T“’°) —a_cot< +Q+“T“’°) =150
1+g¢ 1+g¢ 2

where

and from the graphic solution (see Figure 8) we obtain

1 _ 1
ta arctan “ <T* ta T
1+g+p wo a4 1+g+p wo

The corresponding eigenfunctions are

14+q

+1 14q+p
Yi(w) = {COS (p{_‘ff“Tw) \/(L) -sin (“{f’”Tw)} , ifo(0) =0;

1+q
Py (w) = {cos (Hl'i'g“ Tw) + T+ . sin (Hl'j_‘g“ Tw) } et if ¢(0) # 0,
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where
(1+0)o(0) + /(1 +)202(0) + 4(T*2ara_

T =
2T*a+






Chapter 6

Transmission problem for strong
quasi-linear elliptic equations in a
conical domain

6.1 Introduction

In this chapter we study the transmission problem for general elliptic divergence
quasi-linear equations in n-dimensional domain with a conical point at the bound-

ary:
d
fdx‘ai(x,u,Vu)—Fb(x,u,Vu) =0, x € G\ Xo;
[U}Eo =0,

Sl = [32) 5, + s () v 1l =2 = hiarw), & € Bo:

Blul = Gy + ymsY (\i\) - [ul T2 = g(@,u), z € 0G\{X U0}

(QL)

(summation over repeated indices from 1 to n is understood); here:

+

L ) b ) e G b) .

o ai(z,u, &) = al_(x up &t @ + i=1,...,n; etc;
ai (I,U_7£_), T e G—7

. a‘i = a;(z,u, Vu)n;

ov

. [Ou] 5, denotes the saltus of the co-normal derivative of the function u(z) on

crossing X, i.e.,
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Definition 6.1. Function u(x) is called a weak solution of the problem (QL) pro-
vided that u(x) € C*(G) N'V,, ,(G) and satisfies the integral identity

[ oo, bt w @y do + [ 78 g ads
G

3o

+/ :ngt})lu\ulq“"‘zn(w)ds = / g(a, u)n(w)ds + / h(z,un(z)ds  (IT)

ilel Gle 2o
for all functions n(x) € C°(G) NV}, (G).

Lemma 6.2. Let u(x) be a weak solution of (QL). For any function n(x) € C°(G)N
V,..0(G) the equality

/{ai(x,u,um)nmi + b(x,u,ux)n(x)}dx

Gg

= /ai(x,u,um)cos(r, xi)n(z)dSY,
2,

+/ (g(x,u) - L(ﬁ)luuwm”) n(x)ds
# [ (o) = 82 a2 ) (o (I )ie

holds for a.e. o € (0,d).

Proof. The proof is analogous to the proof of Lemma 3.2, Chapter 3. See also the
proof of Lemma 5.2 in [14] (pp. 167-170). O

ay, T¢E G_A,.,
a_, zeG_,

max{at,a_} > 0;letl <m<n,mn>p>n>m,q>0,0<pu< qj'n"_ﬁl
be given numbers; ao(z),a(x) and bo(x) be non-negative measurable functions;
let a;(z,u,€), i =1,...,n; b(z,u,&) be Caratheodory functions G x R x R" — R
and continuously differentiable with respect to x;; h(xz,u) be Caratheodory function
Yo xR — R and continuously differentiable with respect to variable u, while g(x,u)
be Caratheodory function 0G x R — R and continuously differentiable with respect
to variable u. We assume the following properties:

1) ai(z,u,§)& = alul?[§]™ — ao(x); ao(z) € Lp/m(G);

Assumptions. Let a = { atr > 0, ax = min{ay,a_} > 0, a* =
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2) | > ad(zu )+, | >
i=1 i=1

a(z) €L » (G);
3a) [b(@, u, )| < aplu|T™HE[™ + bo(@); bo(z) € Lz (G);

aai(xau7£) ? —1
< q|¢e|m .
O] < alulrig 4 ago)

3b) b(x,u,€) = B(x,u) + b(x,u,€), u- Bz, u) > au|™;
[b(z,u, §)| < ap|ul?HE[™ + bo(x), bo(z) € Lz (G);
) e <0, 5 <0,
5) o(w) > vy > 0 on og; y(w) > vy > 0 on IG.

The functions a;(xz,u,&) are continuously differentiable with respect to variables
u, & in Mg n, = G x [—Mo, My] x R™ and satisfy, in Ma, w1, the following con-
ditions:

da;(z,u, Oa;(z,u, .
6) (m—1)u (8u - q ((%j 5)ﬁj; i=1,...,n;

> < aA(|z)) ||| Vu™ Y, z € GL, where

n
7) Z |ai(xau7ur) —a\u|q\Vu\m—2um
i=1
A(r) is a function which is Dini-continuous at zero.

Let us consider the function change

m—1

fm1 (6.1.1)

u=vv] ! with ¢=

By virtue of the assumption 6), the identity (I7);,. takes the form

/<Ai(x,vm)nmi + B(x,v,vm)n>dx + / :ﬂg(:;)lv\v\m—2n(x)ds

Gg rg

s [ o el 2n(eas

=8

:/Ai(x,vw)cos(r, mi)n(x)dﬂg+/g(x,v)77(x)ds—i—/H(x,v)n(x)ds (6.1.2)
re %e

Q,

for a.e. 0 € (0,d), v(z) € C*G) NV, ,(G) and any n(x) € C°(G) NV, 4(G),
where

sl

Ai(I,”Um) = ai(x,v|v|<_1,§\v\§_1vm), B(I,’U,’UI) = b(l’,U|U ,C"U Uf)a

G(x,v) = gz, v|v|*h), H(x,v) = h(z,v[v]*"h). (6.1.3)
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We show that coefficients A;, i = 1,...,n do not depend on v explicitly. In fact,
by the change (6.1.1) and the assumption 6), we calculate

0A;  Odai(x,u,§) . 0 (‘U2‘§§1 ~v) L Oai(z,u,§) e 0 (\UQ\S;])
%5 5

o ou ov 0¢;
_ c—1004 o <=3 Oa; _ o u da; 1. ﬁj ) da;
= qv| 5u +5(s = vz, v|v] o, =< ou T (c—1) o,
1 Oa; m~—1 da;\ u 0Oa; m—1\
—U(gu~3u+(g—1)~ q u3u>_v ou (g+(§ 2 q )_0’

because of (6.1.1).
Our assumptions can be rewritten as follows:

1) Ai(,ve)vs, > as™ Vol = o] Sap(@); ao(2) € Ly (G);

ZAf(gc,vx) + Z

az) €L » (G);

[\
<

38)' |B(z,v,0.)] < ape™ o] LVe|™ + bo(a); bo(x) € Ly (G),
OH(z,v) G (z,v) .
4)/ ov = O’ ov = 07

7) Z |Ai(2, v,) — a1 Vo|m=2u,, | < ac™ L A(|z])|[ Vo], 2 e G
i=1

The main result in this chapter is the following statement:

Theorem 6.3. Let u be a weak solution of the problem (QL), assumptions 1)-7)
be satisfied and 9 be the smallest positive eigenvalue of the problem (NEV P) (see

§2.1). Let us assume that My = max |u(z)| is known. In addition, let h(z,0) €
zeG
Loo(Xo), g(2,0) € Loo(OG) and let there exist real numbers ks > 0, K > 0 such

that

_ms q m(qg+m—1) 1 m
ks =:supp ratm=1|ag(z)|m-Dtm) dg + [ rm-1]bg(x)|m-1dz

0>0 Ge
/\hgc 0)|m- 1ds+/|g x,0)|m- lds} 1; (6.1.4)
mt =) | ( q+17)r(z+l ) » (z) 11
—sup ® ol @l o

+@P9fwm<>pm+gom%wm;ﬁ4Mxmmgg} (6.15)
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where
1
9m (m) q+(m=1)(1-p) Bm(m)  q(m—1)(1—p) .
0 ul(m) q+m—1 , s> =(m) . atm—1 ;
¥(0) = Qﬁ’:n('rg;l) TG g dm(m)  q+(m—1)(1—p) . (6.1.6)

o’ El(m) qg+m—1 )
9m(m)  g+(m—1)(1-p)

0% s < =(m) g+m—1

and E(m) is determined by (2.4.3). Then there exist d € (0,1) and a constant
Coy > 0 independent of u such that

—1

u(a)| < Co(la = Fu(la)) ", Ve € Gl (6.1.7)

Furthermore, if coefficients of the problem (QL) satisfy such conditions which guar-
antee the local a priori estimate |Vulo,gr < My for any smooth G' CC G\{O} (see
for example §4 in [6] or [64], [47]), then there is a constant C1 > 0 independent of
u such that

IVu(z)] < Cyla|™ warmes padma(ja]), Vz € GL. (6.1.8)

6.2 Comparison principle

Let us consider the second-order quasi-linear degenerate operator @ of the form

Q) = [(Awsvom, + B v vz + [ 78 o=ty

Gd rg

- [t om@ds + [ T el
b =g

—/Ai(x,vx)COS(r, x;)n(x)dQq —/g(x,v)n(x)ds (6.2.1)
Qq rd

for v(z) € C°G) NV, (G) and for all non-negative 7 belonging to C°(G) N
V,..0(G) under the following assumptions:

The functions A;(z, &), B(z,v,€),G(z,v), H(xz,v) are Caratheodory, continu-
ously differentiable with respect to the v, & variables in M = QxR xRN and satisfy
in M the following inequalities:

. aAz ) m— n
(l) 8(£U é.) piDj Z a7m|§‘ 2202; Vp eER \ {0}7
J
- OB(z,v,€) 1 ppme1. OB(z,v,€) 21 ¢ym.
(i 20O <alut et P00 2 g
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i) 29 <0, M0 o sy 00 o) 0.

Here:m > 1, vy, >0 and a > 0.

Proposition 6.4. Let operator Q satisfy assumptions (i)—(iil) and functions v, w €
CUGH NV}, o(GY) (d << 1) satisfy the inequality

Q(v,n) < Q(w,n) (6.2.2)
Jor all non-negative n € C°(G¢) NV}, 1(G3) and also the inequality
v(z) < w(x) on Qy (6.2.3)

hold. Then v(z) < w(zx) in GE.

Proof. Let us define z =v —w and v = 1v + (1 — 7)w, 7 € [0,1]. Then we have

1
a AT ;
0>Q(v,n) —Q(w,n) = /<77wzwa/0 Aa(vf;jw )dT

o [ Bl B

o ([T}
Nl

/ (/ Mo )cos(w)-zmjn(x)md 620
o ([

for all non-negative n € C°(G¢) N V], 1(GY).
Now we introduce the sets
(GOt ={z e G| v(x) > w(x)} C G,
()T :={z e =f| v(z) > w(x)} C 3§,
(I‘g)Jr ={x € Fg | v(z) >w(z)} C Fg
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and assume that (G@)T # 0. Let & > 1 be any odd number. We choose 1 =
max{ (v — w)*, 0} as test function in the integral inequality (6.2.4). We have

1 T, T |m—2 1
O |v7| ) —2
— -1 T|m=2 g )
/0 . dr = (m )/0 [v7 | >0

Then, by assumptions (i)—(iii) and nlﬂd: 0, we obtain from (6.2.4)
1 1
/ {k’ymazk_l (/ \Vv7|m_2d7) |Vz[2dx + azF ! (/ vT_QVvT|de)dac}
G+ ’ '

1
< / azk(/ |vT|_1|VvT\m_1dT)|Vz\dx. (6.2.5)
@

By the Cauchy inequality

Zk‘VZHU‘r‘_l‘VUT|m_1 = (yT_lzk;rl VUT|m/2> . <2k21|VZ|V1}Tm/2_1>

A

1
2PV 22| VoT |2, Ve > 0.
2e

Hence, taking € = 2, we obtain from (6.2.5) the inequality

1 1
/ a (k:fym - 4) Paaive b </ Vv7|m_2d7'> dx <0. (6.2.6)
0

@H

;‘UT‘—22k+1|va‘m =+

Now choosing the odd number k& > max(l; 2’}m ), in view of z(x) =0 on 9(GY)™,

we get from (6.2.6) z(x) =0 in (G&)*. We have arrived at a contradiction to our
definition of the set (G¢)*. By this fact, the proposition is proved. O

6.3 Maximum principle

In this section we derive an Lo (G)-a priori-estimate of the weak solution to prob-
lem (QL).

Theorem 6.5. Let u(x) be a weak solution of (QL) and assumptions 1), 3b), 4)
and 5) hold. In addition, let

h(zx,0) € LIZI(EO), g(z,0) e L _11(8G), 1<j<

n—m

Then there exists a constant My >0, depending only on meas G, measOG, meas X,

n, m, p, q, ||h(x,0)| L ;i (Zo)s llg(x,0)|L 5 0G)s llao ()L » (G)> llbo()]|L » (G)s
R 3, 4 m

e i

such that ||lullL_(c) < J\]40.
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Proof. Let us define the set A(k) = {z € G, |u(z)| > k} and let x4 be the
characteristic function of the set A(k). We observe that A(k + d) C A(k) for all
d > 0.

Putting n((|u| — k)1 )xa(k) - signu as test function in (1), where 7 is defined
by Lemma 1.23 and k > ko (without loss of generality we can assume kg > 1),
under assumptions 1), 3b), 5) we obtain the inequality

[l (9 (Gl = 92) + a7 (] = )2} (63.1)
A(k)

s [ Tt = wds+ [ el - ks
SoNA(k) AGNA(K)

< / {aplul " Vul™n((Jul = k)+) + ao(2)n’ (([u] = k)+) + bo(@)n((lu]—k)+) }da

A(k)

+ / h(z,u)signu - n((|u] — k)4 )ds + / g(z,w)signu - n((Ju] — k)+)ds.

SoNA(k) dGNA(K)
1
By virtue of g(x,u) — = [ Ly, ru)dr = u- f 8%((2’2)“) dr and the assump-
0
tion 4),

g(x,u) - signu - n((Ju| — k)4 )ds
OGNA(k)

= [ @i [ ar | aul - 0)s

O(Tu)
dGNA(K) 0
+ / o(,0) - signu - n((jul — k)1 )ds
OGN A(k)
< / 92, 0)] - ((Ju] — k)4)ds,
dGNA(K)

as well
/ h(z,u) - signu - n((Ju| — k)+)ds < / |h(z,0)] - n((Jul — k)4)ds.
ZoNA(k) SoNA(k)

Therefore from (6.3.1), by assumption 5), it follows that
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/ {alu|?[ V™ ((Ju| = k)+) + alul ™ n((lu] = k)4)} do
A(k)

< / {apkg Hul !Vl n((Ju] = k) 1) +ao(@)n' ((Jul — k) ) +bo(@)n((Ju| — k) 1) }dz
A(k)

b [ ol - Bods+ [ g 0n((lul - B)ds. (632

ZoNA(k) dGNA(K)

-k

Now we introduce the function wy(z) :=n ((u| )+) By (1.8.7) from Lemma
m

1.23, we have

[ ool - kds <3 [ gt 0w s
OGNA(K) OGN A(k+d)

fo . / 9z, 0)[ds.  (6.3.3)
OGN{A(R\A(k+d)}

By the Holder inequality

lg(z,0)] - [we|"ds < [[Jwi]™ ||z, 0anA®k)) - [19(2,0)[|L 5 (06)

OGN A(k+d)

= llwllZ., oanam) - 119(x, 0)llL PRCON

and the Sobolev boundary trace embedding theorem (1.6.8), we derive

19(2,0)] - [wi|™ds
AGNA(k+d)
<Cllgz, 0L, oe - [ (IVwrl™+w|™)dz, 1 <j < .
j—1

Pl -m

A(k)

In the same way

/ (h(,0)] - wi [ ds
SoNA(k+d)

_m'

m m . n
< Clh(@,0)llz ; (s / (IVwi|™ + |wk|™)dz, 1 < j < .
=1
Ak)
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Now from (6.3.2) and (6.3.3) it follows that

[ a1 G (ul = ) = ks (= )2))

Alk)
T alul" ™ p(((u] — K))}do (63.4)
< [ fao()r' (] = k) + bo(@n((fu] ~ 0)2)}de
A(k)

+CM <|h($’0)L 5 (%) + lg(,0)[|L ‘jl(aG)> : / ([Vwg|™ + |wi]™) da
A(k)

+e xd / |h(z,0)|ds + / |g($,0)|ds},
Son{A(k)\A(k+d)} OGN{A(k)\A(k+d)}
1<j< =1 By definition of n(z) (see Lemma 1.23) and wy(z),

o #ul=k)+ |y m — (7:) \Vwi|™, 5> 0. (6.3.5)

Therefore, choosing » > m+ i’; according to Lemma 1.23 and using (1.8.5)—(1.8.7),
from (6.3.4), we obtain

k:g(i:) /a|Vwk\mdx+kg+m_1/a\wk|md$§01M / Bo(z)|wi|™ dz
Alk) Alk) Alkrd

—l—Ma;lcQ (|h(:c,0)|L 5 (So) + ||g($C,0)HL i (3G)> . / (a|Vwk‘m+a|wk‘m)dl‘
j-1 i1

Alk)
+ese %d{ / Bo(x)dz + / Ih(x,0)|ds
{A(K)\A(k+d)} Son{A(k)\A(k+d)}
+ / g(:c,O)ds}, (6.3.6)
OGN{A(K)\A(k+d)}
where 1 < j < :__nl% and
By(x) = ag(z) + bo(x). (6.3.7)

Under assumptions 1) and 3b) we get that Bo(z) € Ls(G), where s > " > 1.

Using the Holder inequality with exponents s and s’, where i + 51/ =1, we obtain

1
s/

Bo(a)lun|"de < [1Bo(@)l, - | [ lo™de| 638
A(k+d) (k)
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From the inequality i < ™ it follows that ms’ < m#* = o and then the
interpolation inequality (1.5.9) gives

51’ 0 (l;lizm
/ Jw| ™ da < / |wi|dx | - / |wk\m#dx
A(k) (k) A(k)
with 6 € (0,1), which is defined by the equality ', = ? + 17;3 = 0=1-"_.
Now, by using the Young inequality with exponents ; and (1i0), from (6.3.8) we
obtain

o— 1
| Be@lunde < 016" 1 Bo(o)l] [ olunlmds
A(k+d) A(k)

m

nl#
+(1—-0)e- / \wk|m#dx , Ve>0. (6.3.9)

A(k)

From (6.3.6), (6.3.9) it follows that

(k:g (Z) — 64) / a|Vwg|™dx + <k8+m_1 —cq — 655951) / alwg|™dx
A(k) A(k)

A(k) SonA(k) dGNA(K)
m#
+ceM(1—0)e- / \wk|m#dx , Ve >0, Vk > ko, (6.3.10)
Alk)

where

e = Maztea ([0l , s+ o0l , o )
J— J—

1
cs = Ma*_lcl(?HBo(x)Hﬁs(G), cg = cze 4

Now we apply the Sobolev embedding Theorem 1.15; as a result we get from
(6.3.10) the inequality
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(kg (Tj)m —cy — 075) / a|Vwg|™dx

A(k)
+ (k8+m_1 —ei—cse 0 —676) /a|wk\mdx (6.3.11)
A(k)
ceof [Bo@ars [ peolast [ la@os) ves 0w g,
A(k) SoNA(k) dGNA(K)

where ¢; = ¢™a; ey M (1 — ). Let us choose

0
et =g = e= (05) (6.3.12)
cr

and

{k:g (z)m (cq + cre) = 2(cq + c%_gcg); .

> 9
k8+m_1 > 2(cy + 2c78) = 2¢4 + 46%_96g
m 1 1
ko > max {1; 20 (%) - (eat AT0B) 5 (200 + e ) } . (6.3.13)
m

Thus, from (6.3.10)—(6.3.13) we obtain the inequality

/ (a|Vwg|™ + alwg|™) dx
Alk)

§C4+cci_ecg{/Bo(x)dx+ / Ih(z, 0)[ds + / |g(:c,0)|ds}

A(k) SoNA(k) OGNA(K)

for all k > ko. Applying the Sobolev embedding Theorems 1.15 and 1.20, we have

/ |wk|m#dac + / lwi|?" ds + / lwi|?" ds
A(k) SoNA(k) IGNA(k)
SE/ (a\Vwk\m+a\wk|m) dx < 0616_9 . / Bo(x)d;r: (6314)
cy+c7 cy
A(k) A (k)

+ / |h(z,0)|ds + / g(ar:,O)ds}7 jt= min — 1), Vk > ko.

SonA(k) BGNA(K)
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At last, by the Holder inequality, we get

[ Bola)dz < 1Bo(e)ly, iy meas ' Ak
A(k)

/ |h(z,0)|ds < ||h(33,0)||Li.1 (s59) [meas(Zo N A(k))] j :

EoﬂA(k)
L n—m 1
ot 0)lds < g0, oo+ meastoG 0 aG)] . "7 <L <
i1
OGNA(K)
Next from (6.3.14) it follows that
it e i
/ \wk|m#dx + / \wk\j*ds + / |wk\j*ds
(k) SoNA(k) IGNA(K)
EC@ { 11
< Bo(x meas s A(k 6.3.15
= C4+c%_96g | 0( )HLS(G) ( ) ( )
1
+ ||h(z,0)|| ; (Z0) " [meaS(Eo N A(k))] g
j=1

+ llg(, O)HL&1 (6G) - [meas(9G N A(k))] j }7

nom< by g =Y o all k> ko. Let now | > k > ko. By (1.8.8) and

n—m ’
the definition of the function wy(x), we have |wi| > ~ (Ju| — k)+ and therefore

1
AN
/ \wk|m#dx > ( ) -measA(l);
m
A

%

N\ J
lwi]?" ds > (l mk) -meas (Xo N A(1));
EoﬂA(l)

EANA
lwi |’ ds > (l k) -meas (0G N A(l)).
m
GNA(l)
From (6.3.15) it follows:

meas A(l) + [meas(3 N A(1))] T + [meas(0G N A(l))] i

m# m#
i* i*

m¥
g(lr_nk) {/|wkm#d:c+ / w7 ds + / lwi|?" ds }

A(k) SoNA(k) OGN A(k)
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m#

m m m
<a (") (1Bl + IO, 0+ o0, 0o

m# 1

- {meas w (72 Ak) + [meas(So 0 A(R))] el + [meas(0G N A(k))] £ }7

n—m 1 m(n

-1
<1, j*= ), VIi>k > k. (6.3.16)
n—1 J n—m
Let us introduce
#

¥(k) = meas A(k) + [meas(3o N A(k))] i + [meas(0G N A(k))] ks

Then from (6.3.16) it follows that

w<Z>ng<lTk>m -<w<k>]”f<1—i>+w<k>ﬁ > V> k> koy (6.3.17)

—1
m# = L os> s, ey pomle-1) (6.3.18)
n—m m n—1 j n—m

By (6.3.18), we observe that v = min (1 - ) jm ‘ jl} > 1. Then from

(6.3.17)—(6.3.18) we get ¥(I) < Y(k), v > 1; VI > k > ko and therefore,

10
(ST
because of the Stampacchia Lemma, we have that (ko + ¢) = 0 with § depending
only on quantities given in the formulation of Theorem 6.5. This fact means that
|u(z)| < ko + d for almost all x € G. Theorem 6.5 is proved. O

6.4 Local estimate at the boundary
In this section we derive the local boundedness (near the conical point) of the
weak solution of problem (QL).

Theorem 6.6. Let u(z) be a weak solution of the problem (QL) and assumptions 1),
2), 3a), 4), 5), 6), (6.1.5) be satisfied. In addition, let h(z,0) € Loo(X0), g(x,0) €
Lo (0G). Then there exists a constant C' > 0 depending only on n,m,p, t,q, », a.,
a*,my,m*, d,||ao(2)|| » o le(@)|| » a,l[bo(@)]| 2 o such that the inequality

¢ ms(p—mn) <
sup Ju(z)] < CF 07"/ lull ¢ gg + 0r0n=1+9) - lao ()| 5
zeGr* sTo m? =0

+0° (1— )HO‘( )Hm 1 e +Q( Z)mn’llubo(x)ngé;g (6.4.1)

0 (lo Ol gy + 104 | o> >
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holds for anyt >0, € (0,1), o € (0,d) and ¢ = qfn;il.

Proof. We apply the Moser iteration method. Let us introduce the change of func-
tion (6.1.1). By the assumption 6), the identity (/1) takes the form (see §1):

/<Ai(x,vx)77mi + B(x,v,vx)n>dx + / 'y"(lw) vlv|™ 2 (z)ds

G

+/T()q;\q;\m2 ds—/g:cv ds—i—/H:cv (ﬁ)

o

with coefficients that are determined by (6.1.3).

At first, let t > m. We consider the integral identity (ﬁ) and make the
coordinate transformation x = pz’. Let G’ be the image of G, 0G’ be the image of
0G, X be the image of ¥, and z(2) = v(oz’). We have dz = ¢"da’, ds = o"lds'.
Then (II) means

/ {Ai(or', 0™ 2o )0 + 0B(02', 2, 0™ 2w )m(a) } da’

+ 1 / O'(UJ) Z|Z|m_277($/)d8/ + . 1 / ’7("‘]) Z|Z|m_277($/)d8/

m—1 /|m—1 m—1 /m—1
0 || ||

) Frel

= /g(gx’,z)n(x’)ds’+/H(g:c’,z)n(x’)ds’ (I1y

aG! A

for all n(z’) € C*(G") NV}, o(G"). Let us define the quantity & by

Q n1—7n1+§ , 11 )
b= = (%) oot o

S
. oI , iy
+ <g> . {Ila(gx W™ o+ (QHbo(gx )\|£7Gé)
+ 160 O3, + Ml 023 | (6.4.2)
and set
Aw) = ()] + (6.4.3)

We choose n(z’) = (f)m_l cz(2)2t ™ (2)¢m (]2’ ]), where ((|2']) € C°([0,1]) is a
non-negative function to be further specified, as the test function in the integral
identity (IT)’. By the chain and product rules, 7 is a valid test function in (I7)’
and also
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m—1
(o . _ ‘Z‘ t—m m /
Mot = (g) (1+(t m) ) 2 za (M (|2])

m—1
+m <Q> 'Z(xl)zt_m(x/)cm_lcr;~

S

Then taking into account that 0 < |z| < z and t > m, by virtue of assumptions
1), 2), 3a)’, 4) and 5) we obtain

Jatmivarenaas < [{ans g ienieve

Go Go

+ aps2 "V 2"+ (t—m 4+ 1) (f) sag(ox')2" T ()¢ (1))
m—1 m
+m (f) . |O[(Q!)3/)‘ . |V/C|Zt_m+1<m_1(|$/|) +gi_1b0(9$/)zt_m+1<m($/)}dl'/
0 m—1
n ( ) R R e A (R

S
s
* (f)m_l' / 22 YH(oa', 2)2' =™ ()¢ (|2 )ds'. (6.4.4)
=

We estimate every term by the Young inequality with regard to z > k:

amzt—m-i—l|v/z|m—lcm—1‘v/q = am (z(t—m) mrgl ‘v/z|m—1<m—1) . (an ‘v/q)
<e(m—1)az!=™|V'2|™¢™ + et 7 ™at | V¢™, Ve > 0;

o\" I t—mA+1— 1 o\" N trm,
(g) ~ap(0x")z S 1 (g) ~ag(ox')2" ¢

m—1
(%) later)l v

S

m—1
= m- (27 9¢[) % ((f) -|a<gx’>|z“-m>mmlcm-1>
<=1 (2) - later) ) e
LAV < AV 4 ( ) aloa)| 1 - 2

o™ o™ bo(ox") o™

gm—lb (Q{E) . m+1<m = C ( té"m) Zm 1 (kg)m 1b0(Q;p/) 'Ztcm‘
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Further,

1
z-G(ox',2) :z~g(gx/,0)+z-/ dd G(oa',T2)dr
0 T

1
_ . / 2, . /
=z-G(ox',0)+ 2 /0 d(r2) dr < z-|G(ox

because of agé?f;’; #) < 0. Therefore just as above

m—1
/ (Q) Z~g(9$/,z)zt_m<mds/

S

3
t m=1 -1
< /Cm-zm -{g(gx’,0)| (g) 27 }ds’
r}
< [{z+teop (2) ) enar

Tt

0
1 m

. / m—1
ke

g

In the same way

/ (Q)m_lz-H(gxﬁz)zt-m(x')c%'>ds’

S
=5
1 m
. / O g(t)—l
k¢
%5
Now from (6.4.4) it follows that
(1 —cp) /azt_m\V'z|m(mdx'
Gs
< /{5(m — Daz™™|V 2" 4 e mast | V™
Gs
t o\" o
t ! ~1m Nt -m m t, m
+ 2NV + 14+ <§> ~ap(ox’ )2 ¢+ 02 (M + (hg)m—1

+(m—1) (é) Ja(ox’)| m= ~thm}dx’

0,

bo(oz’) -

151
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S () (1901l e olly) ) [ e 64s)

riosy
for all ¢ > 0. By inequality (1.5.11)
/ Z'¢Mmds' < E/ (Z¢™ + [V (2'¢™)]) da’.
rioss Gl
Again, by the Young inequality, we have
[V/(21¢™)] < PV 2|Cm 4+ m2t (V]
=t (zt:nm |V’z|) : (ztmwzl) "+ mzt¢m V¢
< fizf—mw’zwgm + tmﬂ; L5t 21¢M + (V™ + (m = 1)¢™) 24, ¥ > 0.

From above we get

/ 2'¢™ds (6.4.6)

rjussy

< / {t(szt—mvlz|m<m +tm — 1513mztcm + (‘V/dm +m<—m) Zt} dLL'/
m m
Gs

for any § > 0. Thus, from (6.4.5)—(6.4.6) according to the definition (6.4.2) of the

number k and choosing ¢ = 4(17?_”1), §= ma*éét_(“), we obtain
1—
2§,u /azt_m|V’z|mCmdac’ (6.4.7)
Gs

<ecp (L+tmmr) / (€™ + |V¢I™) 2tdx’ + czt/F(x’)thmdx',
Gs G§
where ¢; = const (m, i1, <, ax, ¢), ca = const (m) and

m

no_ ao(oz’) (o " Ny 1 " / o
F(a2') = Jem—1+s (g) + ooz’ )| m-1 - (kg) + bo(oz’) - (he)m-1 (6.4.8)
Let us define the function

t m
w(z') =am (?) zm = Zt=q"! ( ) w™, |V'w|™ = az! =™V 2™
m

(6.4.9)
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Then, by virtue of 1 — ¢p > 0, (6.4.7) takes the form

/ |V w|™ ¢ da’ (6.4.10)

< O™ (L+tm"r) /(Cm + V™) wmda! 4+ Cot™ ! / F(2"w™¢™da'.
G} Gs

The required iteration process can now be developed from (6.4.10). For this we
apply the Holder inequality

/ (F@)] - w™ (@)™ (@) < | Fllpymay - Iy oo p>m.  (6.411)

the interpolation inequality for L,-norms

[w]| mp g1 < el[Cw|| mn g1 +en= P||§w\|m i, p>n>m, Ve>0, (6.4.12)

p—m’? n—m?’

and the Sobolev embedding inequality

[0l y < [AAT/G™ +¢™) [l + M 0™} d's 0> m, (6413)
Go

where C* depends only on n,m and the domain G. From (6.4.10)—(6.4.13), we
derive

1
ICwll mn Gy < est(L+tm=1) - [[(C+ [V'CDwllm

m+1 1
+cqt ™ ||FHP§:Z7G(1J ( ellwcf| mn a1 +entp HCmeGl) , p>n>m, Ve > 0.

By (6.4.2) and (6.4.8), ||F\|1/m < ¢(p,m). If we choose ¢ = 2; t=" HF||

p/m,G§ p/m Gy’

we obtain
m+1_  p

[Cwl| mn i < CA+t) ™ 2= [(CHIVCNWllm,qrs mn>p>n>m, (6.4.14)

where C' depends only on m, u, <, ax, ¢, n, p, ||FH;§Z o1 and it is independent of ¢.

&

Let us recall the definition of w by (6.4.9) and ¢ > m > 1 by (6.4.14). Finally, we
establish the inequality

G- 2™ mn ga < Ot BT [[(CH V) 2 M lnga, M >p > > m,
(6.4.15)
This inequality can now be iterated to yield the desired estimate.
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Let us define sets G’(j) = G(’)H'(l_")rj7 j=0,1,2,... for all >r € (0,1). Tt
is easy to see that G = G{) C -+ C G{;,;) CG{;) C - C Gy = G}. Let us
introduce also the sequence of cut-off functions (;(z’) € COO(GE ;)) such that

0<¢(@) <1inG( and(j(2)=1in Gy, G(a) =0

for |2/| > s+ 277 (1 — 5);
27+1

Ve <
viGl< |

for 3 +2777H1 —30) < 2| < e+ 279(1 — x)

inequality (6.4.15) replacing ((|2’|) by ¢;(z’) and ¢ by t;. Then taking the ¢;-th
root, we obtain

J
and the number sequence t; = ¢ ( fm) ,7=0,1,2,.... Now we can rewrite the

mj (m+1)p 1

C m/t]-
I2ll;00,60 < <1_%) 245 () 7 |2y,

G+ =
After iteration, we find

s o ity 2
C\"Eu mEh (ont \ o S
||Z||tj+17G£j+1) < 1— 5 -2 . " HZ

0o .
The series » / is convergent according to the d’Alembert ratio test, while the
7=0"

|t7G(1J-

_ J . .
(" m) = " as a geometric series. Hence we get
n mt

o

o0
series Y

1 _ 1
Fotj_t

7=0

lellessni6tyny < eIt

Consequently, letting j — oo, we have /Sélg% z(a') < (1—5)"/t [2[l¢,c1- Thus, by
z 0
(6.4.3) and (6.4.2), we obtain

sup |2(2')]
' eGY

Q TTLIT{‘FS' , 711+ Q , 171
<t + (2) " anter g g+ () (et g

m—

1 1
+ (ellboloa )l ) ™ + 1G(ea’,0) 27 + [1F(ea’, 0) :;759}.

Returning to the variables x, v we obtain the estimate

sup_[o(2)] < C {0~ |v
zeGy*

lt.qe + K(@)} , t>m, (6.4.16)
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where

( ’!'L
K(o) = 0#%0 - [lao(a 1K f;t“ + o173 by (a )IIZ‘ e (6.4.17)

n 1
0 a@) "5 g + 0 (ng(x,on;; o+ 11, 0)12 ) ,

p > n >m and the constant C' depends on m, q,
Let now 0 < t < m. We put in (6.4.16) t =m

sup |v(z)| < C {g—n/mnvum,gg + K(g)} . (6.4.18)
z€Gr?
Using the Young inequality with s = "} and s’ = ™, we can write
1/m
Co™# olmay = Com# | [ 1l ol (6.4.19)
Go
1_t/m t/m m—t _n
< (suple(@)) - Com ol <™ sup o(@)| + Cro” ol g5
Ge mooag
Let us define the function ¢(s) = sup |v(z)|. Then from (6.4.18)—(6.4.19) it follows
zeGy
that
m—t _n
o)< P(e) +Crem t lvllsgg + CK (), > €(0,1). (6.4.20)

t n

Further, we apply Lemma 1.24: setting r = »9, R = 0, d = 1 - |, a =7,
A = Ci|lvlly,qe, B = CK(p) from (6.4.20) we obtain the validity of estimate
(6.4.16) in the case 0 < t < m.

Returning to the variable u by (6.1.1), from (6.4.16)—(6.4.17) we get the
estimate (6.4.1). Thus, the proof of Theorem 6.6 is complete. O

6.5 Integral estimates

Now we will derive a global estimate for the Dirichlet integral.

Theorem 6.7. Let u(x) be a weak solution of the problem (QL) and assumptions
1), 3a), 4) and 5) with v > 0 be satisfied. In addition, we assume that My =
max |u(z)| is known. If ag(z) € L1(G), bo(z) € L1(G), h(z,0) € L1(Xo), g(x,0) €
ze€G

L1(0G), then the inequality

/a\u|n?i”1\vu\mdx+/:(”) |u\nf'i1<q+m-1>ds+/ W(l )1\ |ma (@tm=1) g

m—1
G Yo oG
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< (M, ax, vo, q, m, 1, n, meas Q) (6.5.1)

x (/ (ao(x)+b0(x))d:c+/|h(x,0)\ds+/\g(x,O)\ds)
G >0 oG

holds.

Proof. Using the function change (6.1.1) and putting n(xz) = v(x) in the integral
identity (IT) for v(z) (see §6.4), we have

/<.Ai(:c,v$)vm + B(x,v,v$)v>dx + / :Tgtj)l |v|"ds + / :nguj)l [v|™ds

oG 3o

G
_ / G(z, v)v(x)ds + / H(z, v)o(x)ds.
oG >o

According to assumptions 1), 3a)’, 4)’, since ¢™ (1 —cu) < 1 by (6.1.1), we
obtain

cm—l(l—w){/anmdx—k/:TSi)l \v\mds—i—/:ﬁi)l vmds}

G o oG
1
< [lolo@do+ © [ o' Sao@)do+ [ aGe.0)]- folds + [ l(w.0)|- felds.
G G 2o oG

1
From My = sup |u(x)]|, by the change (6.1.1), it follows that |v(x)| < M{ . There-
€]

fore we get

/a\Vv|mdx—|—/ Urgtj)l \v\mds—i—/ /YTE:‘_J)l lv|"ds
r r

G 2o oG

<

(Mo, m, q, 1, meas G) (6.5.2)
X (/ (ao(:c)+bo(x))d:c+/|h(x,0)\ds+/|g(:c,0)|ds).
S oG

G

Returning to the function u(x), by (6.1.1), we obtain the desired estimate (6.5.1).
O

Further, we establish a local integral weighted estimate.

Theorem 6.8. Let u(x) be a weak solution of the problem (QL) and ¥(m) be the

smallest positive eigenvalue of (NEV P). Let us assume that My = max |u(x)]
zeG

is known and assumptions of Theorem 6.7 and assumption 7) are satisfied. In
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addition, assume that there exists a real number ks > 0 defined by (6.1.4). Then
there exist d € (0,1) and a constant ¢ > 0 independent of w and depending only
on m,n,s,q,d,9(m), ki, ks, measQ and My such that, for any o € (0,d),

/a|u‘m l|vu|mdl‘—|—/ o(w )‘ | m 2 (a+m=1) 44 _|_/’Y( )|u‘ T (am=1) g

m—1
G¢ e re

< cp™(e), (6.5.3)
where (o) is defined by (6.1.6) with (2.4.3).
Proof. We perform the change (6.1.1). By virtue of Theorem 6.7, we have that
_ m o(w ) m ( ) m
V(o) = [ a|Vu|"dx + m L lv[™ds + L [v[™ds < 00, 0 € (0,d). (6.5.4)
Ge bH r¢

Therefore we can set n(z) = v(z) in the identity (6.1.2):

/<Ai(x,vm)vmi+3(x,v,vm) ( )>d +/ ow )\ \mds+/:ns°f)1 lo|™ds

Gg = rg
/A x,vg) cos(r, ;) - v(x)dQ, +/g(x,v) v(x)ds+/H(x,v) v(x)ds
rg =
(6.5.5)
By assumptions 1), 3a)’, 4)', 5), 7)’ and us < 1, we get
1
(1= )™ V(o) < [ lolbo(a)da+ | [ ol “ao(e)da
G§ Gg
m—1 m—1 m—1 m—2 v
+< .A(Q)/a\v\ Vo™, + ¢ /a\Vv| -vardﬂg
Q,
+/|h(x,0)\ . \v\ds+/|g(:c,0)| - Jolds. (6.5.6)
= rg

By Lemma 2.11, from (6.5.6) it follows that

E(m)

(1 =su)V(o) < % (m)

oV'(0)+ Alo) [ alo (7] a2,

Q,

/W Sag(z)dr +¢'~ m/mbo )dz + ¢t m/\hx 0)| - [v|ds

G¢ =8
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+gtmm / lg(x,0)| - [v|ds. (6.5.7)
g

We estimate every term on the right-hand side in (6.5.7). By the Holder inequality
for integrals,

m—1

/a|v| Vo™, < /a|v|mng : /a\Vv|mng . (6.5.8)

Q, 2, 2,

Because of the inequality |V,v| < g|Vwv|, the inequality (W),, and formula (2.4.4),
we have

n—1
/a\v\mdﬂg < Qﬂ {/a|vamdQ+/a(w)|v|mda+/’y(w)|v|mda}
Q a0

o 90

m

< Qﬁ V(o). (6.5.9)

From (6.5.8)—(6.5.9) it follows that

/a|v| N fl V(o). (6.5.10)

m

2,

By the Young inequality and (2.2.2),

1 1 (1=5)(1=s—m) (1=9)(m+s=1)
g/\v\l_gao(x)dx: . / (r T \v\l_g) . (r TR ao(x)> dx
Gg

Gg
1-— -1 m
g/( grl_g_m\v\m+m+g r1_<|a0(x)m+<1)dx
mg mg
Gg
1-¢ 1. m—i—g—l/ - m
v 3 mte—1 o
SV (1 PR O FRE
Gg
/|v|b0(x)d:c:/<r_rln\v\) (rﬁlbo(x)) dx (6.5.11)
Gg Gg
< [ (el e ) ) o
Gg
< g @ V@ ™ e o) e
~ a,mi(m) m—1 0
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/\hx 0)] ‘U\ds—k/\g x,0)] - |v|ds < (/vmds+/vmds>
m—l
(/hxo mlds+/|gx0 m= 1ds)_ (/U()l|v|mds
my rm
+/Tns_)1|v|md5> (/hx0|m1ds+/|gxo|m1ds)

To
ot m— . o
S myo V(Q)"’ m (/h(x’0)|nl1d$+/|g(x’0)|nlld$)’ (6512)
=8 re

by assumption 5) and (6.5.4).
Thus, from (6.5.7)—(6.5.12) it follows that

Z(m ~
-2V < =" (1+A) eV
mm (m)
1-m

ms : o mts—1 [ | -

+ m—1 /Tmil|b0(x)‘mildx+ mg™ /T1 *lag(z)|m+s—1dx
Gg G¢

m—1 m m

T nem—1 </|h(fv70)mld8+/g(w,0)m1ds>, (6.5.13)
=8 re

where §(g) = const (m, p, ax, q, vo, ¥(m)) - (Qm_l + q+gL_1QQ+gL*1) and /T(Q) =
=(m) A(p). We observe that

/ 6(5) do < oo, O/AZQ) do < 0. (6.5.14)

0

Thus, from (6.5.13), by virtue of assumption (6.1.4), we derive the Cauchy problem
(CP) from §1.7 with

_ 1 1-6(0) mdm (m)
T 0 1+ A0 Em)
k = const (ks, m, q, 3(m)). (6.5.15)

(1—<u), Qo) =ka™™', N(o)=0;

Now we have:

V(d) :/awmdﬁ/;ff_’)l vmds+/:n(ﬁ)1 lo|™ds

G =d rd
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/a\Vv|mdx—|—/ (_)1 |mds—|—/ ’Y((ﬁ)l [v|"ds
Tm
G

Yo oG
< C(M07m7 q, [, meas G) : %7

VOE/(ao(az)+b0(x))d:c+/|h(x,0)\ds+/\g(x,O)\ds,
G So oG

by virtue of (6.5.2). The solution of problem (C'P) is determined by (1.7.1) from
Theorem 1.21. Direct calculations give:

) __mn(m)(l-p) [11-3()
/ Po)ac= E(m) /¢ 1+X(§)d£

_ mim (m)(1—op) [ 8O+ A
B /f (1 1+ A(€) )di

exp —/T?(E)dﬁ

1 d
< (Q " é?vr)zglfw). mdm (m)(1 — sp) /5
AT
0

d T
md m (m)(1—sp) ms—1 _mﬂflnim)(lfw)
O(t)exp | — | P(&)dE | dr < kChrp  =tm) T T E(m) dr

0
1
m9m (m)(l—su)
:kclg =(m)
1 1
m(s,ﬂm@()u)fw)) m<s,ﬂm<1n(>(1)fw>)
d - -0 - 9m (m)(1—cp)
1 , SF =(m) 5
X m<s—19m(gl()rgl)f<u)>
1
9 1-
In @ s = 9m(m)(1—cpu)

e’ E(m) ’

1
where C| = G‘Xp(mﬁ mé(% (1—cp) f 5(¢) +A(§ dﬁ)

1
mdm (m)(1l—su)
E(m)

Vo-exp (- [ Plac | <vicn (4) _
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[

1
mym (m)(l—qup)

E(m Ym (m)(l—cp),
0 ) (m) s > =(m) ;
V(o) < cCL (Vo + k) - Qmﬁmém()l—m md s Hm (m()(l)—cu). (6.5.16)
0’ =(m ’
oM, s < 19fln(T)(1—<u)

(m) ’

where ¢ = const(m, s,9(m)). Thus we have proved the statement of our theorem.
O

6.6 The power modulus of continuity at the conical point
for weak solutions
Proof of Theorem 6.3. We consider the function ¥(g), 0 < p < d that is deter-

mined by (6.1.6). By Theorem 6.6 about the local bound of the weak solution
modulus we have (see (6.4.17)—(6.4.18))

sup Ju(@)|" < € {e™" ol g5 + K™(0) (6.6.1)
zeGe/?

Because of inequality (H — W),, according to notation (2.4.1), we get

m—n

—n m Q m—n,/m
< < .0.
o [ab@prar < § Vi) < 0om ), (66.2)
Gg
by inequality (6.5.16). From (6.6.1)—(6.6.2) it follows that
swp [v(z)| < ¢ {o' " md(e) + K (o)} - (6.6.3)
z€GE 2

Now, from (6.4.17), by virtue of assumption (6.1.4), it follows that K(p) <
K o'~ m(p). Therefore, hence and from (6.6.3) we get

v(@)| < Coo' ™" 9(0), = € G,

|
Setting |z| = § we obtain
[0(@)] < Colel™= 5 p(Ja]), = € GL. (6.6.4)

By (6.1.1), from (6.6.4) we derive the first required estimate (6.1.7).
Repeating verbatim the second part of the proof of Theorem 6.9 (see Ap-
pendix 6.7 below) we obtain the inequality

\Vo(z)| < Cilz|~m(|z]), = € GE. (6.6.5)
Further, since, due to (6.1.1),
[Vu(z)| < o]~ - [V ()],
from (6.6.4)—(6.6.5) we derive the second required estimate (6.1.8). O
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6.7 Appendix

If a neighborhood of the conical point is a convex set, then we can construct the
barrier function and apply the comparison principle for the estimating of weak
solutions of the transmission problem.

Assumptions.
1)-7) from Section 6.1 with
a*2m

v (cos “g’)m_l

max (1;277?) . (6.7.1)

Functions a;(x,u,§) and b(z,u,&) are continuously differentiable with respect to
the z,u,& variables in My nr, = GE x [—Mo, My] x R™ and satisfy in Mq r, the
following inequalities:

da;(x,u, m— n
8) 24 5e S pip; > alul?|¢[m2p?, Vp € R™\ {0}

9) ox;

9ai(z,u.6) — b(xau7£)’ S B(T)‘u|q_1|£‘m + blrs_27 s> 17

n 2
10) \/21 ‘ ab(gg’f)‘ < aplu|a7HE™ T + by (2);

11) P8 > alufa-2|gm;
12) a(x) + bo(z) + [h(z,0) + |g(2,0)| < ka|z|*~,

where B(r) is a non-negative monotonically increasing function that is continuous
at zero with B(0) = 0.
After the function change (6.1.1) these assumptions take the following form:

8)/ 6A5£z7_vz)pipj Z agm—l‘vv|m—2p2’ vp c Rn \ {O}7
J

9)/ ox;

Pt B, n)' < Bl gl + b

OBazv, m— — m—
\/Z Grwm) * < aps Yol =1 In|™ =1 4 bo();

/ BB(wvn) >a<m 1|’U| 2|,r]‘m

6.7.1 The barrier function. The preliminary estimate of the solution
modulus

Now we can estimate |u(z)| and |Vu(x)| for (QL) in a neighborhood of the conical
point.
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Theorem 6.9. Let GZ be a convex rotational cone. Let u be a weak solution of the
problem (QL), assumptions 1)-12) be satisfied and My = max |u(x)| be known.
zeG

Then there exist ¢ € (0,1), d € (0,1) and a constant Cy > 0 independent of u
such that
(m=1)(1+5) d
lu(z)] < Colz| a+m—1 , Vze Gj. (6.7.2)
In addition, if coefficients of the problem (QL) satisfy such conditions which guar-
antee the local a priori estimate |Vulo,gr < My for any smooth G' CC G\ {O}
(see for example §4 in [6] or [64]), then there exists a constant Cy > 0 independent
of u such that
(m=1)(1+) _q d
|[Vu(z)] < Cyla| atm—1 , Vzedy. (6.7.3)
Proof. We perform the function change (6.1.1) and consider the function v(z).
For the proof we construct the barrier function w(z) and apply the comparison
principle to v(x) and w(z). We shall show that Q(Aw,n) > 0 for all non-negative
n € CU(GA)NVY], o(Gd) and some A > 0. We consider operator @, which is defined
by (6.2.1). Integrating by parts in the first integral, we have:

% aA
Q(Aw,n) = /<—dA (Zx V) + B(x,Aw,AVw)>77(x)dx
G§

—1

+ /<.Ai(x, AVw) cos(7, z;) + Am_lzn(lw) wlw|™ ™ — g(x,Aw)>n(x)ds

rg

b [{iAde Avw)cox(, )

g
+A™! Urgu_})lw\w\m_z — H(z, Aw)>77(x)ds. (6.7.4)
r
Let us recall functions A;, B, G, H, which were determined by (6.1.3) with ¢ from
(6.1.1).
Let (x,y,2') € R", where x = x1,y = 29,2’ = (x3,...,2,). In half-plane

{1 > 0} we consider the cone K with the vertex in O such that K O G& (we
recall that G¢ C {z1 > 0}). Let OK be the lateral surface of K and let x = +hy,
where h = cot %), 0 < wp < , be the equation of 0K NyOx = I'+ such that in
the interior of K the inequality = > hly| holds. We introduce the barrier function:

w(z;y, ') = 2 (2 — h*y?) + Bx” ™! with some » € (0;1), B> 1. (6.7.5)
Step 1. Firstly, we show that in G,

_ dA; (l‘, AVw)

J + B(z, Aw, AVw) >0 (6.7.6)
X
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for some A >0, B>1,0<d< 1.

By direct calculations:

wy = (14 5)(1 + B)z™ — (5e — D)A*y*2* "2, w, = —2h*yz”™ !,
Way = 2(1 4 30)(1 4+ Bz — (1 — 3)(2 — 2)h%y%x™ 3, (6.7.7)

Wyy = 2h* (1 — 30)yx™ 2, wy, = —2h%2” !

we get for (z,y) € GE,

B (\/1 i h2)%+1 P < w(zyy) < (L+ Byt (6.7.8)
<\/1:L—h2>% 17 < [Vu| <20+ h+ B)r”, (6.7.9)
as well as
o = = (G D e

0A
+ (1= 5)(2 = s)h*y?2” % — (1 + 5)(1 + B)z™ ') 9 !
Wy
= ¢(5) - 2L (6.7.10)
Because of the ellipticity condition 8),

0A 0A A J0A
1 y( 1_|_ 2>+ 2>

2
— 2 Yy . —
¢(0) = 2h <x2 ow, = \Ow, Ow, Ow,

2
> 2ah*¢™ | Vw| ™2 <1 + z2> . (6.7.11)

¢(5¢) is a square function with negative leading coefficient y:f;z —1-B < —Band
according to (6.7.11) there exists a number s > 0 such that

2
O() > ah*m V|2 (1 + Z)

for s € [0; 55]. Therefore, from (6.7.10) it follows that

_ (r“).A, (CL‘, AV’LU)

O Aw,,) Awg, sz, > a h®(A)™HVw|[™ 2" (cosw)* 3

> a, b2 (AQ)™ |V |2 (6.7.12)

by virtue of »» < 1 and cosw < 1.
Hence, by the assumption 9)’, we obtain in Gg,
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dA;(x, AVw)
B d{L‘,
> a, h2(A)" Vw27t — Ay V| B(r) — byrtT?
= A" Vw2 <a*h2§m_1r”_1 — B(r)w™* \Vw|2> — b2

4(1 + h + B)?
Z Am—l‘vw|m—2,r%—1 <a*h2§m_1 —B(d) ( +h+ %1_1> —bl’l"s_z.
h
B<\/1+h2)

By virtue of the continuity at zero of function B(r) and B(0) = 0, we can choose
d > 0 so small that

+ B(x, Aw, AVw)

»x+1
Loy B (\/11-1”12)
B(d) < _ash ™™ . 6.7.13
()< e 0 b+ B (67.13)
Further, from (6.7.9) we obtain
oy if m > 2;
Vw2 > myr* ™2 oy = (¢1+h2) b Bmes (6.7.14)

20 +h+B)" 2, ifl<m<2.

By (6.7.13), we get

dA;(z, A 1 _ 1) _
A (g; V) + B(z, Aw, AVw) > 2a*hz(Ag)m Upyrem=D-1 _ pps=2,
T
Hence the desired inequality (6.7.6) follows if we choose
1
s—1 1 2by m—1
x < B and A > . (a*thl) . (6.7.15)

Step 2. Secondly, we shall estimate integrals over I'¢ and show that

Ai(z, AVw) cos(T, ;) + A™! 7w) wlw|™ ™% — G(x, Aw) rdZ 0. (6.7.16)

m—1
r 0

By (6.7.5) and = +hy on I'y, we have

|vw\‘Fi = (Vlih2>%\/{(1+%)3+2}2+4h2

<2(B+1+4h)r* <\/1 iLL hQ)% 7 (6.7.17)

since » < 1 and Va2 + b2 < |a| +|b|. Next, in virtue of assumption 4)" and (6.1.3),
1

G(z, w) =g(x,0)+w./3g<mw)

A(rw) dr < |g(z,0)|.
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Further, since ¢ < 1,a < a*, by assumptions 5), 2)’, 12) and (6.7.17), on I'¢:

wlw|™? — G(x, Aw)

1
h (3¢+1)(m—1)
V14 h2)

—a* A" VW[ — a(z) — |g(,0)]

h )(%-1‘1)(7"_1)

Ai(z, AVw) cos(T, z;) + A™ 1 ’Yn(lu_i)
T

> VQ(AB)m_lr%(m_l) <

> VO(AB)m—IT%(m—l) (

V14 h?
1 hr m =) 1 1
a4 <\/1 + h2> (B+1+h)""" =k
»x(m—1) (m—1)
() ) e
—a*2™ P max{1,2™?}(1 + h)m—l} — kTt (6.7.18)

Now, by virtue of assumption (6.7.1), we derive from (6.7.18)
Ai(z, AVw) cos(T, z;) + A™ 1 :77(1(:;)1 wlw|™? — Gz, Aw)
hr

>Am—1
- (\/1+h2

»x(m—1)
) a* 2™ P max{1,2m 2N (B™ = (1 + h)™ 1) — kSTt

If we choose

1 e
ki ™t 1+ h2 1
BZQmL(l_i_h)’ A2< i) ) \/}‘: ) o
a 2(1 + h) max{1,2m-1}

(6.7.19)
and » > 0 as in (6.7.15), we get the required (6.7.16).
Step 3. Analogously as above we shall derive that
{Ai(x,AVw) cos(ﬁ,xi)} + {Am_l U(w)1w|w|m_2 - H(&Aw)} ‘ > 0.
=d rm= =d
(6.7.20)

On Xy we have:

w

= (1+ B)r'™;  cos(i,z) = 0, cos(7,y) = +1;
Yo

=1+3x)(14+B)r”*; wy| =0=|Vw|| = 1+3x)(1+B)r~”.
>0 o o

Wy
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Next, by assumptions 4)’, 12), and (6.1.3),

OH(z, Tw)

O(rw) dr < |h(x,0)].

H(z, w) = H(@,0) + w- /
0

Therefore, since ¢ < 1,a < a*, because of assumptions 5), 7)’, on 3¢ we obtain

Ai(z, AVw) COS(ﬁlxi)} 4 oam—1 0@

1 wlw|™™? — H(z, Aw)

> VOAm-lrnj_lw|w|m-2 — @t ATV — a(z) — Az, 0)|

> A" (1 + B)" ) — gt AT (1 4 5™ (14 B) ()
— Tt

=A™ 1+ B)m_lr”(m_l) (Vo —a*(1+ %)m_l) — kst

> Am—lprim=1) (vo—a*(1+ )" ) = ks >0,

by virtue of (6.7.1), if we choose » > 0 as in (6.7.15) as well as

1
1Z0) m—1
< — .
0<%_(2a*) 1 (6.7.21)
and .
m—1
A> <2k1) . (6.7.22)
2

Thus (6.7.20) is proved.

Step 4. Let us consider barrier function w(z), which is defined by (6.7.5), and
the function v(z) from (6.1.1) that satisfies the integral identity (6.1.2). For them
we shall verify Proposition 6.4. From the above proved estimates we obtain

Q(w,n) > 0=Q(v,n) (6.7.23)

for all non-negative n € C*(G¢) NV}, ((G3).
Further, we compare v(z) and w(z) on 4. Since 22 > h?y? in K from (6.7.5)

we have
h 2+1
Aw(z) > Ad't ( ) .
r=d V1 + h2
On the other hand s
1 arm=
W@, <@l <

and therefore it follows that

Aw(z)

> Ad%+1 (
Qq
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if we choose I )
M qm—l . \/1+h2 7+
0 h
A> .

> i (6.7.24)

Thus, if we choose at first a large B > 1 according to (6.7.19), then a small
d > 0 according to (6.7.13), a value m; > 0 according to (6.7.14), sc € (0, 5]
according to (6.7.15), (6.7.21) and finally a large A > 0 according to (6.7.15),
(6.7.19), (6.7.22) and (6.7.24), we assure the validity of Proposition 6.4.

Therefore, by the comparison principle (Proposition 6.4), we have

v(z) < Aw(z), x € GE. (6.7.25)

Analogously, we derive the estimate v(z) > —Aw(z), if we replace v(x) with —v(z).
Returning to the function u(z) by (6.1.1) we establish the first required estimate
(6.7.2).

Now we want to estimate the gradient modulus of the problem (QL) solution
near a conical point. Let us consider problem (QL) for the function v(x) after the
change (6.1.1) in the set Gg/z C G, 0 < p < d. We perform the transformation
x=opx';z(x') =0

—x—1

v(px'). Function z(z’) satisfies the problem

_d.Az‘(QZ;Q%zI/) + oB(ox’, 012, 0%2,) =0, 2’ € G1/27
[Z(xl)]z}/ =0,
Ailor!, 0 zar) cos(T,af)lyy |+ | Sfks @0 Va2 ™72 = H(on', 07 ¥ ),
T 621/2,
Ai(oz', 0% 240) cos(T )+ Ir/l(::) ) Q%(m—l)z\z\m—2 =G(ox', 0"t '2), x EF1/2
QL)

We apply our assumption about a priori estimate of the gradient modulus of the
problem (QL)" solution

max |V'z(z")] < Mj (6.7.26)

z EG’}/2

(see §4 Theorem 4.4 in [6] or §§3, 5 in [64]). Returning to variable 2 and function
v(x) we obtain from (6.7.26)

|Vo(z)| < Mjo”*, v € G°

9/2,0<Q<d.

Setting now |z| = ;o we obtain the estimate
|Vo(z)| < Mi|z|*, = € GE.

Returning to function u(z) by (6.1.1), we obtain the required estimate (6.7.3). O

Corollary 6.10. Let u(x) be a weak solution of the problem (QL) and suppose that
assumptions of Theorem 6.9 are satisfied. Then u(0) = 0.
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Proof. From the problem boundary condition it follows that
Y(w)u(@)u(@)| T2 = J2| ™ {g(2, u(x) = ai(@, u(@), ug (@) - cos(T, 24)},
x € 0G\ O. By assumptions 2), 4), 5), 12) and estimates (6.7.2)—(6.7.3), we obtain

volu(@)| T < y(w)lu(@)| T < o™ {lg(, 0)] + alu() |7 Vu(e) "}

< k1|x|s+m—2 + Cgcin—la*‘x‘%(m—l).

By letting |x| tend to 0 we get, because of the continuity of u(x), that vy|u(0)] <0
and taking into account vy > 0, we get that «(0) = 0. O






Chapter 7

Best possible estimates of solutions
to the transmission problem for a
quasi-linear elliptic divergence
second-order equation in a domain
with a boundary edge

7.1 Introduction. Assumptions

This chapter is devoted to the estimate of weak solutions to the transmission
problem for elliptic quasi-linear degenerate second-order equations. We investigate
the behavior of weak solutions of the transmission problem with Robin boundary
condition for quasi-linear second-order elliptic equations with triple degeneracy
and singularity in the coefficients in a neighborhood of the boundary edge.

Let G C R™, n > 3 be a domain bounded by an (n — 1)-dimensional manifold
OG and let T'_, T'y be open nonempty disjoint submanifolds such that 0G =
I_uUT'y, where I'_NI'; is a smooth (n—2)-dimensional submanifold that contains
an edge Ty C T NT4. For x = (z1,...,2,) let us introduce the Cyhndrical
coordinates (r,w,z’), where 2’ = (3, .. xn) r= 22 +a3w= arctan ;2. We
assume that G is divided into two open subdomains G_ and G4 by an (n - 1)-
dimensional hyperplane {(r,0,2")| 2’ € R"~2, r > 0}, thus G = G4+ U G_. We set

Yo =GnN{(r,0,2')| 2’ € R""2, r > 0} and assume that 'y C 3.

M. Borsuk, Transmission Problems for Elliptic Second-Order Equations in Non-Smooth Domains, 171
Frontiers in Mathematics, DOI 10.1007/978-3-0346-0477-2_8, © Springer Basel AG 2010
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We derive the exact estimate of the weak solution in a neighborhood of the
boundary edge for the problem

fdii at(z,u, Vu) + b(x,u, Vu) + ape(z,u) = f(x), =€ G\ Zo;

[ulg, =0, T € Yo;

Slu) = [aa’ (w,u, Vu)ni] g+ For™ " uful 1+ =2

= h(z,u), z € Yo;

Blu] = aa’(x,u, Vu)n; + (w)r™=mHy|y|tm=2
= g(z,u), x € IG\ {ZoUTy},
(TDQL)
where ¢ >0, m > 1, a+ >0, a9 >0, Bp >0, 7 > m — 2 are given numbers.
For a sufficiently small number d > 0 we also define the sets

Gl =Gn{(r,w,2)|0<r<d we (-w/2w/2), 2’ € R"?}
=14 uUT%, whereT'Y =T1 NG C OGE;
Qa=Gn{(r,w,a)|r=d, we (—wo/2,wp/2), 2’ € R"?}.
We will assume the following:
e 0G\ Ty is a smooth submanifold in R";

e there exists a number d > 0 such that T'¢ = {(0,0,2)||2/| < d} C [ is the
straight edge with the center in the origin;

e G is locally diffeomorphic to the dihedral cone
Dy ={(r,w)| 0 <r <d, we (—wo/2,wo/2)} X R"™2 0 < wy < 2m;

thus we assume that G¢ C G and, consequently, the domain G is a “wedge”
in some vicinity of the edge;

® w[pe = Fwo/2.

We denote by ML (G) the set of functions u(z) € C°(G) having first weak

m,q,T
derivatives with the finite integral

/ (ar™[u]?|Vu™ + aor™ ™ |u|"T™) dz < oo,
G
qg>0,m>1,a>0,a0>0, 7>m—2. (7.1.1)

Regarding the equation we assume that the following conditions are satisfied:
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Figure 12

at(z,u,€),i=1,...,n; b(z,u,&) are the Caratheodory functions G x R x R* — R
and continuously differentiable with respect to x;, u, &; c(x,u) is the Caratheodory
function G x R — R and continuously differentiable with respect to the variable
u, h(z,u) is a function Xog x R — R continuously differentiable with respect to
the variable u, while g(z,u) is a function 0G x R — R continuously differentiable
with respect to variable u, as well as f(z) € L1(G) and h(z,u(z)) € Li1(Z0),
g(z,u(z)) € L1(9G) Yu(z) € C°(G), possessing the properties:

) 6“i(§§’3?’f)pipj > " fulle™ 202, Wp € B\ {0):

2) (m — l)uﬁai(g;u,f) _ q@ai(géju,f)fj; P=1 . m

3) |20 —rulre Slef + m - 266)| < A0 ufle™
0 |27 it < Ayl

5) | 2 lat(,u,€) = r[ulalém =26 * < A(r)rT full ™

i=1



174 Chapter 7. Estimates of Solutions to the Transmission Problem

< por”|ulT7H gm0 <

" | 9b 2
6) \b(x,u,f)\ < ,UO’I‘T‘u|q—1|£‘m’ Z (g%uag)’
=1 g

o < q:»fﬁ117
ob

7) P 5 121l e, ) 2 o
ac(g'yu) > ’YmTT_m‘u|q+m_2;

u

Oh(x,u) dg(x,u)

8 <0 <0:;

) ou — 7 Ou 7

9) v (ZI:(JJ(]/Q) > O;
10) ‘f(x)‘ < flr"'—m—i-(fI-‘rm—l))\’ |h(1‘70)‘ < hl,,,‘r—m+1—|—(q.t,.m_1))\7
lg(z,0)| < 917‘T—””L+1-i-(c1—~-m—1)>\7

where Y >0, f1 >0, h1 >0, g1 > 0 and A(r) is a nonnegative non-decreasing
function continuous at zero with A(0) = 0.

Definition 7.1. The function u(z) is called a weak solution of the problem (T'DQL)
provided that u(z) € C°(G) NNL  (G) and satisfies the integral identity

m,q,T

/ {aa'(z,u, Vu)ns, + ab(z, u, uz)n(z) + aage(z, u)n(z) } do
G

+ B / P 2 () / (@)™ ] T2 () ds
Yo oG

:/af(x)n(x)dx+/g(x,u)n(x)ds—!—/h(x,u)n(x)ds (I1)
G

oG 3o

for all functions n(x) € C°(G)NMNL, . (G).

m,q,T

Lemma 7.2. Let u(x) be a weak solution of (T DQL). For any function n(z) €
CG) NN}, .- (G) the following equality holds for a.e. ¢ € (0,d):

/{aai(x, u, Vu)ng, + ab(z, u, ug)n(z) + aape(z, u)n(x)}dx

Gg

= /af(x)n(x)dx+/aai(x,u,Vu) cos(r, z; )n(x)dQ,

G¢ Q,

+ / (9, ) — (@)™ Lafu|7=2) p(z)ds
Te
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+ / (h(z,u) — Bor™ ™ u|u|TT™2) n(z)ds. (ID)ioe

=8

Proof. The proof is similar to the proof of Lemma 3.2 Chapter 3; see also the
proof of Lemma 5.2 in [14] (pp. 167-170). O

We make the function change u = v|v|*~! with ¢ = ™! Then the identity
q+m—1

(I1)i0c can be presented in the following form:
/<a./4i(x, Ve )N, + aB(x,v,v:)n + aaoC(z, U)n>dx
G§

- /V(W)TT_’"+1v|v|m_277($)d3 + o /TT_m+1”|”|m_2n(x)ds
Te =8

= /a.Ai(x,vm)cos(r, xi)n(x)dQQ+/g(x,v)n(af)d$
Te

?,
+/H(x,v)n(x)ds—i—/af(x)n(x)dx (77)10C
=5 G8
for a.e. ¢ € (0,d), v(z) € C*G) NN}, .(G) and arbitrary n(z) € C*(G) N
min,O,T(G% with

ot =1

Al(z,v,) = a'(z,vlo[ 7t s T y),  Blz,v,ve) = bz, v|v] ™t slv] Ty,

Clz,v) = c(a,v[*™h),  Gla,v) = gla,vp[™h),  H(z,v) = hz,vfu[*).
The explicit independence of A’ from v is guaranteed by the assumption 2) (see

in detail §6.1).

Now our assumptions can be rewritten as follows:

aAZ T m—1,.7 m— n
j
OA(z,m el 1 i ) N -
3) ’ 8(77. ) —¢mly ] 4 (5?‘7”2 + (m— Q)Uinj)’ <c¢ 1A(T)r | 2;
J
o %
4)/ ’ Aagm 77) _ T§m—1r7—2‘,’7|m—2xini < §m_1A(r)TT—1‘n|m_1;

n
5) | ST 1A () — e tem 2 < AT [
=1
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mo.T, — m S aB(LUﬂ?) ? M, T, — m—
6)' |B(x,v,m| < pos™r 7o ™, (| DT < oS o] ™,
i=1 ¢

OS,U/O < q—?lq-r:nll7

OB(x,v, el Tl =21 -~
1y OB 5 0 o 2 o) 2 7ol

oC(z,v el e

(av ) > o2,

OH(z,v) G (z,v)
8)/ Y <, <,
) ov ov  ~

where Y, > 0 and A(r) is a non-negative continuous at zero function with A(0) =
0.

7.2 The comparison principle

We consider the second-order quasi-linear degenerate operator ) defined as

Qv,n) = /<Ai(x,vw)77wi + B(z,v,v,)n + aOC(aj,v)n>dw

Gg

—|—/’y(w)rT_m+1v|v|m_277(x)ds— /H(:c,v)n(:r)ds

rd =d

+50/7‘T_m+1v|v|m_277(x)ds_/Ai(xyvx)COS(ﬁxi)n(x)de

Qq

/ G(x,v)n(x)ds — / af (2)n(z)dz (7.2.1)

Gg

for v(z) € C°(G) NN}, (., (G) and for all non-negative 1 belonging to C°(G) N
N}, 0.-(G) under the following assumptions:

Al(z,€), B(z,v,8), C(z,v), G(x,v), H(z,v) are Caratheodory functions in
M = Gg x R x R™, continuously differentiable with respect to the variables v,¢&,
f(z) € Li(G3) and satisfy in M the following inequalities:

o) A

o, Pipi = e [P, Vp € R\ {0}
£

(ii) < ar7|v|_1\§|m_1§ 88(2;;)76)

> ar”lv|2[¢|™;

351
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(iii) 66(;;}’1}) > aymT
. 0G(z,v) OH (z,v)
<0
(tv) ov  — 7 v
(here: 7 >m—2, m>1, v, >0 and a > 0).

‘r—m‘v‘m—2;

SO,’Y(W)ZO, ﬂOZOaaOZ(l

Proposition 7.3. Let operator Q satisfy assumptions (1)—(iv) and d << 1. We also
assume that functions v,w € C°(GZ) N ‘)?}mO’T(Gg) and satisfy the inequality

Q(v,n) < Q(w,n) (7.2.2)
Jor all non-negative n € C*(G§) NN, . (GE) and also the inequality

v(z) < w(x) on Qy (7.2.3)
holds. Then v(x) < w(z) in GE.
Proof. For the proof see word for word Proposition 6.4. O

7.3 Construction of the barrier function

In this section, for an n-dimensional infinite dihedral cone

wo

) <w< u;o, wo € (0,27r)}

Gy = {x = (r,w,a)| 2’ € R" 2 0<r<oo, —
with the edge To = {(0,0,2')| 2’ € R"™2}, that contains the origin, and with
lateral faces

e = {(r,—u;O,x’)’ P eR"2 0<r< oo} ,
Iy = {(T,Jr‘*;o,x’)] 2 eR"Z 0<r< oo},

we consider the following elliptic transmission problem for the model equation:

— ]| Vw2, )
+agr™ M w|w|TTM 2 — prTwlw|97 2| Vw|™ =0, x € GF°\ X,
[w}zo = Oa
[alw]e|Vw|™=29%] + Bri-mwlw]|itm=2 =0, z €%,
alw|?|Vw| ™2 9% 4 ypl=map|w|atm=2 = 0, r €0G\ (ToUp),
(MVP)
where

a = a4, l’€G+, )0+ xerfv
a—, :L‘EG_,’Y vy—, x el
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a+ >0, m>1,¢>0, 7>m—2,a90 >0, u> g, 0< 8 <o, (7.3.1)
0<’yi<’y(:|:u;0>

are constants.
We shall seek a solution of the problem (MV P) of the form

w(z) = PoWw), we [—“;0, “;0}, A> 0. (7.3.2)
By substituting the function (7.3.2) in (MV P) and calculating in the cylindri-
cal coordinates, we get the following Sturm-Liouville boundary problem for the

function ®(w):

m—

d {(A%M@ﬂ) 22|<1>q<1>']

dw
FANGEm—1) —m+ 2+ 7]®|®| (A2<I>2 + @’2)

m—2
2

m
2
)

= ap®|®[I+"2 — 1P| P|a2 (Vqﬂ + @/2) w € (—wo/2,0) U (0,wo/2),

(@l =0, [aw (e 4+ 02) @’] — 5B(0)|B(0) [+,
w=0

m—2
a0t (A0 + 2L%) T @ e B | Doy 12 =0
i‘ i| + + + w=%wo/2 T+ i‘ i| w=%wq/2
(StL)
Performing the function change w = z|z|*~! with ¢ = qfw_lil we get the problem
for the barrier function, z:
Loz =—al (rm|Vz|™2z,,) + aagr™ ™z|z|m 2

—aprTz7 V2™ =0, z €GP\ Do,

(2w = 0, [al V2|72 52 ] g, + Brimmzlz ™2 =0, € T,

a|Vz[m=2 5% 4 yrl=mz|zm=2 =, z € OGP\ (ToUXy),

(MVP)
where a = as™ ™1, ag = aps'™™, u = us. For the solution z of the problem (MVP)
we have the presentation

Wwo wo

2(z) = 1'Y(Ww), Yw)=2W)eW)| <, wel 5 ol

(7.3.3)
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By substituting the function (7.3.3) in (MVP) and calculating in the polar coor-
dinates, we get the following Sturm-Liouville boundary problem for the function

P(w):
d {(/\277[}2 + 1/1'2) " w’} +AANm—=1)—m+2+7)¢ (AQIZ’Q n 1//2) "z

dw

m
2

= agplyl™ 2 — =t (V92 +97) T, w € (—w0/2,0) U (0,00/2),

m—2
2

oo =0, o (¥ +0?) " w| = puopo)

m—2
2
tar (02 +947) T owh| | eavefuelm =0

w=%wqy/ w:iwo/2_

(StL)
This problem is a nonlinear eigenvalue problem. Now we want to study the prop-
erties of eigenfunctions

w) = ¢+(W)a w e [07 wgo]a
(W) {z/J_(w), we [=9,0]

Lemma 7.4. Let A > 0 be an eigenvalue and (w) be the associated eigenfunction
of (StL). Suppose that following inequalities are satisfied:

ag " 2—m m—1 ,
A > ; > ;S = , if 1<m<2; (734
<u+’"4:2> s grm-1 Y o

A> (CZ’)M for u >0,
(q+m_1)>\m+(2_m+7)>\m—1 > ag fOT'ILZO, Zf m > 2. (735)
(see inequality (9.1.4) in §9.1 [14])

Then )" < 0.

Proof. We rewrite the (StL) equation in the form

— 9 (N2 + (m = D) (4 )"
= W2 +0) F — agll™ + (m = DA WYY + 4
FAQm =) +2—m+ ) (W29 = ). (1.3.6)

m—4
2

At first we consider the case when 1 < m < 2. By the Cauchy inequality

Mellg'] < 0002 +4?) = (m -2 2 T TR 4 )
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Since A’¢? < A2 4+ o2,

ag ,. 2 og.m ag .2 m
aol" = mAWUE < (et ) (7.3.7)
Hence it follows that
. m — 2 a 2 m
i) = (u +, T X‘%) A w® %)%, (7.3.8)

by virtue of 2 —m + 7 > 0. Now from (7.3.4) the required statement follows.
Let us consider the case when m > 2. If u > 0, then from (7.3.6)—(7.3.7) we
obtain

—pu (N2 + (m = 1)y (u - ;ﬁ%) (N4 +2) + (m — N 42"
FANm = 1) +2—m 4 7) (A2 + )% >0,

by (7.3.5). Finally, if 4 = 0, then
3@) = (= DA™ + @ =m+ A" —ag) [l > 0,

by (7.3.5). O

7.4 The case ZI = Z‘

7.4.1 The barrier function

We observe that the solutions of (StL) are determined uniquely up to a scalar
multiple. Therefore we can assume that ¢4 (0) > 0. Let

¥+(0) = 0.

Then it is possible that 1_(w) < 0 on [-%,0) and 4 (w) > 0 on (0, “}]; we will
show below in Lemma 7.8 under what assumptions it is possible.

Lemma 7.5. Suppose that Zi = 7", 41(0) = 0 and the function 4 (w) satisfies
the boundary condition of (StL) at the point w = ). Then the function

wo

0
2’]

a_

Yo(w) = — (“*) - p(-w), wel-

wo

satisfies the boundary condition of (StL) at the point w = —*

conditions of (StL) are valid.

and conjunction
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a4 a—

Proof. In fact, we have

v == (1) ), wen ) (7.4.1)
dw_dg:w) = (Zt) " Y (w); d%d_a;—w) == (Zt) o T(w). (742)

Now from the boundary condition at the point w = “ we obtain

0= (AZwi + w’f) - A

_a- <(A2¢2 c )|

at

T+ m—Z‘
w:wo/2+a+w+|w+‘ w=wp /2

w——w0/2> ’

by (7.4.1)~(7.4.2). Thus the boundary condition at the point w = —%° holds.
Further, because ¢4 (0) = 0, we have ¢_(0) = 0, by (7.4.1) and (7.4.2),

~ Ty
/2 a_

=—wp

m—2
2

ar (X0 +017) 7 W = el OO0 = et O O

w=
Thus the conjunction conditions hold. O

Lemma 7.6. Let zy(z) = 7\, (w), w € [0, 3] and

1
__(a+ mfl. wo
2 (1, —w) = (a_) 2i(rw), we [o, 2}. (7.4.3)
Then the equality

d ([ . m—o0z_
“‘<_dei (r V-] an)

=1

+agr” " z_(r, —w)|z—(r, —w)\m_Q

(r7_“))
— urT 2= —w)|Vz_ (r, —w) m>

Fagr™ "2y (r,w) |24 (r,w) |2

(rw)

— prT 27, w)| Vg (r,w) |m> (7.4.4)

d ( . mo 0%
= —a+<_z dz; (7“ V2| 28:1;)

i=1

holds for all w € (0, ).
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Proof. By virtue of z1 = r cosw, xo = rsinw, we calculate

0 0 sinw 0 0 ) 0 cosw O
8361:008@'87“_ r .8w; am:smw-ar—k r .8w;
0? 9 9%  sin2w  9? sinw 92 sin®w 0
81%2605&).31"2_ T .87‘5(,0—’_ 2 Qw? ro or
sin2w 0
2 oW’
0? . 9 0%  sin2w 07 cosw 0%  cos’w 0
03 Y g2 o Ordw 2 fw? o or
sin2w 0
o2 g’
H? _ sin2w 0? cos2w 02 sin2w 02 sin2w 0
dx101s 2 " Or2 r Ordw 22 Ow? 20  Or
cos2w O
T2 jw

Therefore, by (7.4.1)—(7.4.2), we get:

1

=

1

=

O0z4(r,w) — A1 ()\ cosw - Yy (w) —sinw - @Z,Qr(w)) :
81'1
Ozi(r,w) _ a1 (Asinw - 4 (W) + cosw - Py (W) ;
8,12
62_(7‘, —LU) — i o+
A T R}
(e — 024 (r,w)
o a_ oxy
0z_(r,—w) _ . a+
D =1 ()\ sinw - ¥4 (w) + cosw - 1/4(‘*’)) <a_
_ o+ — Ozy(r,w)
a_ 0x2
2
d Z+(72‘»w) _ r)‘_2<sin2w ! (W) 4 (1= A)sin 2w - 9/, (w)
Ox?
+ ()\2 cosZw — Acos 2w) - 1/J+(‘U)>3
82Z+(T,W) A2 : /"
Do =7 <—sm2w-z/1+(w)—|—2()\—1)C052w

+ (A = 20) sin 2w - 111+(W)>?

YL (W)

Chapter 7. Estimates of Solutions to the Transmission Problem

(7.4.5)
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a4 a—
82
Zgggg’w) = 7"\_2<c032 w- P (w) = (1= \)sin 2w - ¥/, (w)
+ ()\2 sin? w 4 A cos 2w) - 4 (w)> (7.4.6)
Hence it follows that
0z_ a 0z
Vo m—2 _ Tt \V& m—2Y~+ :
| ‘ 8,11 (r,—w) a_— | +| 8,11 (r,w)
_90z_ a4 5024
Va2 m—2 — \vs5 m—2 :
| ‘ Oxo (r,—w) a— ‘ +‘ Oxo (r,w)
1
0%z . (a+) m-1 2z, )
31’% (r,—w) a_ 31’% (T,UJ)’ (747)
0%z _(ay m1 0%z,
011022l (r,—w)  \a_ 0x10xs | (rw)’
0z . (a+) m=1 0z,
31’% (r,—w) a_ 31’% (T,UJ).
Further, by virtue of
2
0
in zg(r,w) =1 cosw - (Acosw - ¥4 (w) — sinw - ¥/, (w))
— T
= (7.4.8)
+rsinw - (Asinw - 14 (w) + cosw - Py (w))
= My (w) = Az (r,0)
as well as

2 2
> o TV 22, = 1[92 ST (BT + (= 220,20, f o,

i,j=1

+ AT 22| V2|2,

(7.4.9)
we obtain
2 2
d 0z_ d 0z
B IV m—2 - _ TIV m—2Y~+
“ ;dl‘l (T ‘ i | 8xl> (r,—w) a+;d1‘i (7‘ ‘ Z+‘ 6.%1 (rw)
(7.4.10)
and

aor” ™ z_(r, —w)|z_(r, —w) |72 — T 2= (r, —w)|Vz_ (1, —w)|™

= —Z+ <aor7‘mZ+(r,w)IZ+(r,w)Im‘2 - urfzgl(r,w)|v,z+(r,w)|m>. (7.4.11)

Hence it follows the required (7.4.4). ]
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Lemmas 7.5 and 7.6 give the following
Corollary 7.7. Let ;’i =7 and 4 (w) # 0 be a solution of the problem

a

—2

d "
IR ORIy
A= 1) —m 2+ 7y (V3 +u?)
= aopsus 72—t (N2 49 )T we (0w0/2),
v =0, ar (Vo2 +uy?) 7w e o
+ s + T + +w:w0/2 V+V+|V+ =02
(MiP)
Then the function
i) @), we Do/, a12)

—al " (—w), w e [-wy/2,0]

is a solution of problem (MVP).

Lemma 7.8. Let Zi = 1" and 1 (w) # 0 be a solution of the problem (MiP).

Suppose, in addition, that m > 2 and the inequality
ANg+m—1+p)+ A" 12 —-m+7)>ag (7.4.13)

holds. Then 4 (w) > 0 in (0,wo/2] and ¢ (w) <0 in (0,wo/2).

Proof. We rewrite the (MiP) equation in the form (7.3.6). By setting ¢/, (w) /v (w)
= y(w), we arrive at the Cauchy problem for y(w), A:

2) m
=ap, wE (0,&)0/2); (CPE)

m—2

y(0) = +o00;  ay (yQ(wo/2)+>\2) ©y(wo/2) = —s

(m =1y + 2] (24 X5y 4 (m = 14 )0 + A
FA2—m+ 1)+ A"

From the equation of (CPE) we get:

—4

= [m =y + 3| 2Ny
= (m =1+ + )T 202 -m+ 1)+ 1) —ag
=@+ )" [ =14+ @2+ 2+ A2 —m+7)] — a0

m

> (2 + 20" P m— 14 p) + M2 —m+7)] — ag
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ZAm(m—l—l—,u)—i-)\m_l@—m—l—T)—ao>0

by virtue of (7.4.13) and m > 2. Thus, it is proved that y'(w) < 0, w € (0,wp/2).
Therefore y(w) decreases on the interval (0,wp/2). Hence it follows that y(wo/2) <
y(w) < y(0) = oo and therefore 4 (w) # 0, YVw € (0,wp/2). By the continuity,
this means that the function v (w) retains its sign on the interval (0,w/2). In
addition, we note that the solutions of (CPFE) are determined uniquely up to a
scalar multiple. Thus we can assume 14 (w) > 0 in (0,w/2] and then, by Lemma
74, 91 (w) <0in (0,wo/2). O

7.4.2 Properties of the eigenvalue \ for (CPE)
1

Let y (“50) = y,. Taking into account that a = as™™!, ap = aps'™™, u = pus,
A= 2‘ and performing the change of the variable y(w) = y(cw) we integrate (CPE)

and obtain the equation for the determination of \:

* [(m = 1)y? + X2] (42 + A2) "2 " dy e
ve (M=14+q+m)@2+A)% + A2 —m+7) (2 +A) "2 —ap °
2, 2\ "2"
ar (N +yd) 7 cye =
Mg +m—14p)+ A" Y2 —m+71) > a.
(A)+
We set
f()\,ao,WO) (7414)
+o0 m—
wo [(m = 1)y* + X2)(y* +3%) "2 " dy

= — —"—/ m — .
2 (m—1+q+p)2+X)% +A2—m+7)12+A2)"2" —ag

Y+
By performing the substitution: y = M, y4+ = Aty, t € (t4,+00) we obtain

“+o0

]-"()\,ao,wo) = —U;O + / A()\,ao,t)dt, (7415)
ty
where
— DR +1)"
A(hao.t) = A R S >0
Am—=14+qg+p)(t2+1)2 +2—m+7)t2+1) 2~ —agAl-™
(by the third inequality in (A)4); (7.4.16)

m—2
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(we note that (7.4.17) follows from the second equation in (A)y). Then the first
equation of (A)4 takes the form

.7:()\,(1070.)0) = 0. (7418)

Considering A as a function A(ag,wo) we set Ag = A(0,wp). Then we have

f()\o, O,WQ) =0. (7419)
The direct calculations yield
gﬁ = —[(m-D2+1]+1)"" (7.4.20)
-1 24+1)% —1)/Am
" (m +q+up)t*+1)2 +ap(m )/72 L <0,
[)\(m—1+q+u)(t2+1)’z” +Q2-m+T)t2+1)" —ao/\l—m}

oA M= [(m = D2+ 112+ 1) 0
dao Nm—1+q+p)(E2+1)% +2—m+7) (2 +1)"" —goAl-m]* =
(7.4.21)

for all ¢, A, ag. Therefore, we can apply the theorem about implicit functions. In
a certain neighborhood of the point (Ag,0) the equation (7.4.18) determines A =
A(ag,wp) as a single-valued continuous function of ag, depending continuously on
the parameter wy and having continuous partial derivatives gj‘o , gjo. Now, we

analyze the properties of A as the function A(ag,wp). First, from (7.4.18) we get:

(“)}'8>\+8.7-'_0 and 8.778A+8.7_0
oA 3a0 6@0 B oA 6(4.)0 &uo e
Hence it follows that
OF oF
e (g‘;)) and O = (%jg). (7.4.22)
dag (5%) dwo (23)
Now, from (7.4.15) and in virtue of (7.4.21), we have
oF 1 oF [ oA
= — = dt . .4-2
8&]0 2 ’ 8a0 / 8a0 = 07 V()H aO) (7 3)
ty

The equation (7.4.17) means that ¢, is a negative function of A, i.e., t4 =t ().
Differentiating this equation we obtain

dty _ (m —1)v4 >0

dA  a A (14 (m—1)2) (14+2)"
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Hence and from (7.4.15) it follows that

+oo

OF OA dty

o\ = / a)\dt — A\ ao,t4) PN 0, (7.4.24)
t4

by virtue of (7.4.16) and (7.4.20).
From (7.4.22)—(7.4.24) we get:
oA > 0 and oA <0 for any ap > 0. (7.4.25)
8a0 awo

So, the function A(ag,wp) increases with respect to ag and decreases with respect to
wo- Applying the analytic continuation method, we obtain the solvability of (A)4,
Vao > 0.

Corollary 7.9.
A= Mag,wo) > Ao >0 for anyag > 0.

Remark 5. The eigenfunction existence. It follows from Corollary 7.7 that it is
sufficient to verify the existence of the (M4P) non-trivial solution ¢ (w). In this
connection, by the Lemma 7.8 proof, we must integrate the (CPFE) equation. As
a result, according to (7.3.3) we get

Py (w) =exp ([ y(w)dw) ;

+eo [(m — 1)y + X2] (y% +22) "= " dy

:UJ7
ylw) (M =14+ q+p) Y%+ A2 + A2 —m+1)(y* + \?)

m—2
2 — Qg

where A is the (A)4 solution.

7.4.3 Perturbation of problem (MiP)

We counsider the perturbation of problem (MiP). Namely, for Ve € (0, “°] on the

2
segment [—¢, %], we define the problem for (A, 1:):

d o\ 2
G {(Az ve+ %2) 1/4
farre[Ae(m —1) —m+ 2 + 7). (Xé'w? + w?)

9\ 2
+ay di ()\31/{? + q/;E?) = ay(ag — )he|tpe| "2, w e (—e, @),

m—2
2

m—2
2 /

(A +’Y+¢5W8|m_2 =0

w=wqg/2 w=wqg /2

(MiP).

be(—2) =0, ay (M2 +ul%)




188 Chapter 7. Estimates of Solutions to the Transmission Problem

Let us define function y.(w) = Z;Ei; From (MiP)., by integrating, we get the

equation for A.:

+oo m—4
[((m =1y + X2] (12 +A2) "2 dy

Ye(wo/2) (m =1+ +A2)% +A2-m+7)(y +>\§)m;2 +egt=m —qq

— wWo
=7 —|—57

m—2

ay (A2 +y2(wo/2)) * - ye(wo/2) = —7+.

(A)e
Problem (MiP), is obtained from problem (MiP) by replacing in the latter ag by
ag — €. By virtue of the monotonicity of the function A(wp, ag) established above,
we get
0<A <A lim A=A (7.4.26)
e—+0

We denote by Ao the value of A for ag = 0. It easily follows from (7.4.15) that

Ao = Ao . By virtue of Corollary 7.9, we have A > \g. From (7.4.26) we
q=0; p=p
draw that

1
0< 2>\0 <A <A (7.4.27)
for a sufficiently small € > 0.

Lemma 7.10. Let assumptions of Lemma 7.8 be satisfied. There exists €* > 0 such
that

¥ (0) > < o, (”O), Ve € (0,2%). (7.4.28)

wo 2
Proof. We turn back to the inequality P, (A) = AX"™(q+m — 1+ u) + A" 12 —
m+71) —ag > 0 from (A) ¢, or Ppy(A\) = A" (m — 1+u)—|—)\m_1(2—m+7) —ap >
0, because of A = 2\7 o= G, ap = apst™™, ¢ = qfn;il. Since P, (A) is an
exponential function with positive exponent, then, by the continuity, there exists
a 0*-neighborhood of the point A, in which the inequality P,,(\) > 0 remains
valid, that is there exists 6* > 0 such that Pp(X) > 0, VA | |]A — A] < 6*. We

choose the number §* > 0 to guarantee this. In particular, the inequality
P, (A=6) >0, Vée(0,0%) (7.4.29)
holds. Let us recall that A is a solution of (CPE). By (7.4.26) we can now put,
for every ¢ € (0,06%),
Ae=A—96 (7.4.30)
and solve (A)_ together with this A. with respect to . Let £(d) > 0 be the obtained

solution. Since (7.4.26) holds, lims_,4+9e(d) = +0. Thus, we get the sequence of
problems (MiP).—(A)_ with respect to

(Ae, ¥e(w)) Ve such that 0 < & < min{e(d), u;O} =¢&*(d), V6 € (0,6%). (7.4.31)
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We consider ¢, (w) > 0 from (7.4.31). In the same way as in Lemma 7.4 we verify
that ¥/ (w) < 0 Vw € (—6, wzo) This inequality means that the function 9. (w) is
convex (concave downward) on the segment [—¢, %], that is

W
Ye (w1 + aowa) > a1 (wr) + aothe(w2)  Vwi,ws € [—5, 20]

for ay > 0, 01220’0[14-042:1.

We put a1 = 2€+°w0, g = 253_5% and wy = —¢, wg = ‘”2". By (MiP). we get
2e wo e wo
0) > ( ) > ( )
ve0) = wo +25¢5 2/~ wowf 2
Thus, the lemma is proved. ([l

Hence, because solutions of (MiP). are determined uniquely up to a scalar
factor, we have the following

Corollary 7.11.
e<te(w) <1 VYwe[0,wy/2], Vee (0,e%). (7.4.32)

Lemma 7.12. Let 7 > m — 2 and assumptions of Lemma 7.8 be satisfied. Then
there exist positive constants C1,Co depending only on m, q, u, 7, \,€ such that

|"/};(w)| < 017 |1/};/(w)| < C2> Vw € [07(“;0/2]'

Proof. If ag > 0 we will assume that ¢ < ag. From the (MiP). equation we have

;/(UJ) = F(W,%ﬂ/};)y w e (_57
where

|F(w, e, 00L)] = <wgl<A§w§ F 25 4+ (m— 2N 2P (A2 4 )"
F A Aem = 1) +2—m+7) (W22 +92) "2 =" (ag —¢) 2”_1>
x (A292 4 (m — D)%)~ (292 4 92) 2"

We can estimate from above the right-hand side of this equality. Taking into
account m > 2, 7 > m — 2 and (7.4.32) we derive

|[F(w, e, D) < e + (2m = 3+ A2 + (2 = m +7)Ae, w € [0,w0/2].
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Now we apply the S. Bernstein Theorem 1.25. In our case we have for this theorem:
A=cly, B=0C2m -3+ +2-m+7)A, M =1.

Therefore we obtain

(W) < Cr = \/5

Next, from the equation for ¢, we have

@Cm =3+ A2+ (2-—m+71)A

o ~exp(4pe™t).

Wﬂw)SC&Z«%n—3+Mﬁ%%2—m+TMJ-(;wm&w4f+g. O

7.4.4 Estimates of the (T DQL) solution modulus

In this Subsection we denote, for x5 > 0,

Gi: (w1, T2, 7).

T+ =T

Theorem 7.13. Let u be a weak solution of the problem (T DQL) and assumptions
1)-10) are satisfied with (7.3.1), m > 2, ;* = =. Let X be the least positive
solution of (A) 1 and assume that My = max |u(x)| is known . Suppose, in addition,
z€G
that the following compatibility conditions are satisfied:
a—a' (z_,—sui, —»Vuy) = —aral (v4,uy, Vuyg), Vi # 2;
2 ({17_, — XUy, —J{V’LL_;,_ = —|—a+a3_(x+, U, V’LL+);

a )
a ) = —a4by (24, ug, Vuy);
)
)

a_
_b_(z_, —sug, —xVuy
= —ajcq (T4, us);
g-(v—, —suy) = —gy (T4, uy); (co)
1
qg+m—1
where = <a+> ;

a_

a_c_(x_,—xuy

a_f(x_)=—arfr(ry); apy— (=9) =a-t (%)
Then for every e > 0 there are a ¢ > 0 and a d € (0,1) depending only on the pa-
rameters and the norms of functions occuring in the assumptions and independent
of u such that
lu(z)| < cer*™c, Vx e G (7.4.33)

Proof. At first, we consider an auxiliary function v, (z) as a strong solution of the
mixed problem

— b ALz, Vo) + By (2,04, Voy ) + aoCy (z,04) = fr(z), = e G,

MP
ol =0 (MP)
0

ar A (z, Vo n; 4+ 4 (w)rm—m

vylog|" 2 =Gz, vy),  xeTd
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Now we define the operator

Q+(v4,m)
; 0
=ay - / <Ai($, Vv+)6;7_ + By (z,v4, Vo )n + agCq(x,v4)n — f+(:c)n>dx
G+
w —-m m—
e () [ e 2n(w)ds - [ Gatavntaas
rd re
—ay- / A’ (2, Vvy) cos(r, z;)n(z)dSq
o

for any n(z) € C°((GE), ) NN, 0., ((G§)4). It is obvious that every strong solution
v4 () of problem (MP)+ satisfies the integral identity Q+(v4,n) = 0 for any non-

negative n(z) € C°(G§)) NN}, o, ((GF)4) with n‘zd: 0.
0

We consider z.(x) = r<¢.(w), where (\.,.) is the solution of perturbed
eigenvalue problem (MiP).—(A), as a barrier function and apply the comparison
principle to v4 (x) and z.(r,w). We will show that Q4 (Aze,n) > 0 = Q4 (v4,n) for
all non-negative n € C°((Gg),) NN}, o, ((G§)+) with 7 = 0 and some A > 0.

0

m,0,T

Integrating by parts in the first integral, we have:

Q+(Azsa 77)
d .
=ay ./<_dx- Al (2, AV 2o )+ By (2, Aze, AV 2 ) +aoCy(z, Aza)—f+(x)>77(x)dx
G+
+ /<a+.Ai(x,AVz€)ni + vy (C;O) Am_lrf_mﬂzs\zg|m_2>77(x)ds
ry

We verify that z.(r,w) satisfies the problem

LEz = a+d (rT|Vz ™ 28ZE) +a+a0r M2e|ze| ™2 — appurTz 7 Ve ™
=arer” Mz |z |™ 2, re(0,d),we (—E, “’20) ;
-0 V2. |m— 26z5 1-m m—2 _ =0, 0.d — wo
Ze , aq|Vz| e A Lo N r e (0,d), w="*
w=—=¢
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and therefore we get

Q+(AZE7 77)
d [ m—1,.7 m— 82’5
= / <£3'(Az5) _a+dxi <A+(x,AVzE) — (AQ)™ 1T |V 2| 28@-)
G+
+ar A" T2 Ve ™ — ay fo(2) + a By (z, Aze, AV )
+ajao (Colz, Aze) — AT M|z ™ 72) >77(:c)dac
% m—1,.1 m—2 azf
+ ay | AL (z, AVz)n; — (AQ)™ 17 |V z| o7 (7.4.34)

re
w -1, . T—m m—
(o () = AT 2 An(a)ds — [ G, Az n(a)ds.
2
r4

Further, from the definition of z.(x), by Corollary 7.11 and Lemma 7.12, we cal-
culate

erte < ze < 1">‘5;
|Vze| = V22 + 2 phem1 < \/Ag +C2 T = Ot (7.4.35)
[D%2] < e(Ae) (W2] + L]+ [e]) - 772 < (14 C1 + Co) 72 = Cyr?e 2,
From the equation of (MP). by (7.4.32) we have
LE(Az) > ay (Ag)mtempr—mA(m=DA: (7.4.36)
By direct calculation,

d
dxi

aAQ_(IE,AVZE) m—1,17—2 m—2 -
= ( o — 7(A)™ T4 V2| inzmi (7.4.37)

(.Ai(x, AVz.) — (AQ)™ 17|V ™2 gis )

i=1
OAY (z, AV z,)

caia; { A

_ (Ag)m—l,’,‘r|vza‘m—4 (63|v25‘2 + (m — 2)Z5$1Z5Zj)>‘

Therefore, by assumptions 3), 4)’, 5)’, 6)’, 7)" and estimates (7.4.35),
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d ; 0z
% A 2 — A m—1,.71 . m—2 €
| (At ava - g erwagn o)
< ay A"TTA()T V™R (r _1|Vzg\ +|D?2|)
< Caap AT VAP MDAy e (Gl
ay A" T2 V2™ ay By (n, Aze, AV 2) > (10— po)ar AT erT 2T [V ™
= (1 — po)ay A™ e TmTDATm g e (G4
Co(x,Az.) — AT =m o |2 ™2 >0, z € (G,
. Oz -
+ | A% (2, AV )i — (A)™ 1T [V 28 < ay A" AT [V M
<C’4a+Am 1A()T+m 1A —m+1 xeF‘i.
Therefore from (7.4.34) it follows that
Q+(Az€a77)
> / {a+Am_1rT+(m_1)/\5_m<€m +<(p — po) — C’3.A(r)> - a+f+(x)}77(x)dx
G+
w -1, 7+(m— —m
+ /{(Em 1 <’Y+ ( 20) _’Y+> . C4G+A(T)) AL, +( 1A +1
r
- g+(x7AzE)}77(x)ds. (7.4.38)

Next, by (7.4.27) and (7.3.3), A\e < A = qj'nnzzl)\; consequently, assumption 10)
takes the form

‘f(l')‘ < fl,’,‘1'—771-‘,-(771—1))\57 ‘g({L‘,O)‘ < ger_m+1+(m_1)/\E

Since

G(z,v) = G(x,0) v - / a%(("’i’;“) dr = g(z,0) +v - / ag@((i’;)”)dﬁ (7.4.39)
0

by assumption 8)’, we have
—Gy (2, Az) > —g(x,0) > —gyr M HIHM=DA
Now, from (7.4.38) we derive
Q+(Aze,n) = ap (A)" (€™ + (1 — po) — C3.A(d) — f1(A<)'™™)

X / P M= DA () dat
G+
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+ {(em_l <’Y+ (C;O) - V+> - C4G+A(d)> AT 91}

« /TT+(m—1)AE—m+1n(l,)ds'
r

Now we fix € > 0 and choose at first d > 0, by the continuity of A(r) at zero, so
small that ( )
T+ U’éo T+ -1
d) <
A( ) - 2G+C4 c
and next

i m"—zl ml—l nll—l
A > max <q—|—m 1> ( 2f1 ) ; 1 591
m—1 H= [o e\ (%) =

Then we get Q4 (Az:,n) > 0.
Now, by the continuity of v; (x), we have

< max vy (z)| < MJ/°.
Qd C,‘+

v (2)
On the other hand, by virtue of Corollary 7.11,

> Aeds > MY >
Qq c - 0 _’U-‘r(x) Qa

Az,

1/s
provided that A > 0 is chosen sufficiently large, namely A > Jgd(;s . Thus, from
above we get

Q+(Aze,n) 2 0=Q1(vy,m), z€ (Gg)-‘r;
Az > vy(x), z€9(GHy \ T

for all non-negative n € C°((G¢),) NN, - ((Gd)+), n i 0. Besides that, one

m,0,T
0

can readily verify that all conditions of the comparison principle (Theorem 9.6 in
[14]) are fulfilled. By this principle we get

vi(7) < Aze(r,w), Vo e (GE)4.
Similarly, one can prove that
vp(z) > —Az(r,w), Yz e (Gd);.
Thus, finally, we obtain
vy ()] € Az (r,w) < Arte, Vo € (GI),. (7.4.40)
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Lemma 7.14. Let vy (x) be a strong solution of the mized problem (M P),. Let

v_(z1,—22,2") = —kvy(x), 12 >0; k= <a+) L (7.4.41)

a_

Suppose that conditions (CC) are satisfied. Then function v_(x), x € G_ satisfies
the following problem:

fdiiAi_(x,Vv_) + B_(z,v_,Vv_) + aoC_(z,v_) = f_(x), =€ G;

o

a A" (2, Vo_)n; +v_(w)yr™ " y_|v_ "2 =G (z,v_), =xeTld
(MP)_
’U+(.’17), T e G+7

the conjunction conditions
v_(z), € G_

and thus for function v(x) = {

[, =0, [aA'(z, Vo)ni]g =0 (7.4.42)
are satisfied.

Proof. At first, we observe that for the function v_(z), x € G_ conditions (CC)
have the form

a_ A" (z,Vo_)|  =—ar AL (2, Voy)| , Vi# 2
G_ Gy
a_ A% (z,Vo_)|  =+ais A% (2, Voy)|
G_ Gy
_B_ s U—) Vu_ = - B ) 7V 5
a (z,v v-) o a4 B4 (x,v4, Vug) .
—C_(z,v- = —a,Cy(x, ; cey
a (2,v-) o a+Cy(z,v4) . (CO)
- - = - ; 7.4.43
g (.’L‘,’U ) o g+(.’L‘,’U+) G+7 ( )
af(x-)=—arfr(ey); apy- (=) = a7y (%)
Because of mQ‘G <0 and z2 G > 0, we calculate for x5 > 0,
- +
Ov_ Ovy _ Ov_ Ovy
= — 2' —
6.%1‘ k 6.%1 ’ v 7& ' 31‘2 K 31‘2
(z1,—x2,2") (z1,22,2") (x1,—x2,2") (z1,22,2")
(7.4.44)
Next, by (CCY,
dA" (z,Vv_) dAY (z,Vuy)
_ a4

d.’L‘i

(z1,22,2")
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and therefore, again by (CC)’, from the equation of (M P) it follows the equation
of (MP)_.

Now, v_| = —kvy| = 0. Further, we calculate
0 0
- . wo) S (w0>
cos(m, x = —sin , cos(n,x = £ cos ,
(7, 21) rd ( 2 (7, v2) rd 2

cos(i,x;)| =
) 1 Fdi

ar Al (z, Vg )n,

= —a_A" (z,Vv_)n;

+ —

by virtue of (CC)’. Next, because of ayy_ (—*) = a_y+ (%) we derive

m—2 — LU()> a— m—Z‘ - _ (_w()) m—Z‘
L 0 D L A A ) L I e

— m—2
= —y-@)-fo-["2| .

Thus, we have proved that v_(x) solves problem (MP)_.

Similarly, by (CC)’ and cos(7, z;)

1, i=2
= ! ~ 7 we obtain that
o 0, Vi # 2,

a+.Ai (I, VU_A,. )TLZ

=a_A" (z,Vv_)n;
Ed

[¢]

=

Hence it follows that the conjunction conditions (7.4.42) are satisfied.

Corollary 7.15. Let the function v(x) is defined by Lemma 7.14 and compatibility
conditions (CC)' be satisfied. Then v(x) is a strong solution of the transmission
problem

—gm_ldd (r"Vo|m%v,,) + B(z,v, V) + aoC(z,v) = f(z), z € Gg \ Eg;

X

Mzg =0, [a|Vo[m™2 gg]zg =0;
ar” Vo720 Tty g2 = G(x,v), r el

(TrP)
Finally, from (7.4.40)—(7.4.41) we get
lv(z)| < core.

On returning to the old variables by virtue of (6.1.1) according to (7.4.26)—(7.4.30)
we get the required estimate (7.4.33). O
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a4 a—

7.4.5 Example

Here we consider the two-dimensional transmission problem for the Laplace oper-
ator with absorbtion term in an angular domain. Suppose n = 2 and the domain
G lies inside the corner

G():{(T,LU) ‘T>0, _L‘;O <w< 0;0}, wo 6}07271'[’

O € 0G and in some neighborhood of O the boundary G coincides with the sides

of the corner w = —“ and w = . We write

My ={(r,w)|r>0w= :I:LL;O}, Yo={(r,w)|r>0; w=0}
We consider problem (MVP) form=2,8=~=0:

—dii (r™|w|%wy, ) + aor” 2w|w|? — prTw|w|?2|Vw? =0, x € Go\ o,

['LU]ZJO =0, [a‘w‘qgg]zo =0, T € X,

1o}
atlwe]?%= =0, rely,

(MVP)

where

) EG,
a:{a+ T 4e>0,¢20,720,a020,0<p<1+g
a—, IEG-,

are constants.
By solving this problem we get (cf. Example 4.6 in [7] or Example 9.18, p.
393 in [14])

1
1
alt? sinttatu (”w) , wE [0 “’0] ,
wo

72
3 W
an (22)

B VT2 4+ 4T /wo)? +dag(1+q+p) — 7
2(14 g+ p) ‘

w(r,w) =r"-
1
—af" I+a+u

) wel:_uéoao]7

where

A

The principal part in the (MV P)( equation is weak nonlinear. Therefore we ob-
tained the precise exponent A of the solution decreasing rate. This fact is com-
pletely compatible with the results of Section 5. In the case of the linear Neumann
transmission problem for the Laplace equation (7 = ¢ = ag = p = 0) we obtain
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also a well-known result

a_ sin

N

), wel0,9],

w(r,w) =rwo -

a4 sin

/N

), wel-%.0]

(see Subsection 3.6).

7.5 The case ZI # -

Now we turn our attention to the details of the properties of the barrier function
z(x) = r™)(w) defined by (7.3.3), that is a solution of (MV P). We remind that
1 (w) is an eigenfunction of the Sturm-Liouville boundary problem (StL).

7.5.1 Properties of solutions to the Sturm-Liouville boundary
problem (StL)

First of all, we observe that in our case 1(0) # 0 and that solutions of (StL)
are determined uniquely up to a scalar multiple. Therefore we can consider the
solution v (w) normed by the condition

B (0) = 4(0) = 1. (7.5.1)

Lemma 7.16. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary prob-
lem (StL) and ¥(0) # 0. Suppose, in addition, that m > 2 and the inequality
(7.4.13) holds. Then p(w) > 0 in [—wo/2,wo/2] and " (w) < 0 in (—wo/2,wo/2).

Proof. We rewrite the (StL) equation in the form (7.3.6). By setting ¢’ (w)/¢(w) =
y(w), we arrive at the problem for y(w), A:

[m = 12 4 X7 2+ 25y (= 1 ) 4+ A B
+)‘(2 —m+ T)(y2 + Az)mgz =ap, wE€E (_w0/270) U (07w0/2);

m—2 m—2

e (M 4120) T @ e (N2 0) Ty =5

m—2
2

a (N 42 (wo/2)) Ty (—wo/2) =

m—2
2

ar (13 (wo/2)+27) 7y (wof2) = s
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From the equation of (7.5.2) we get:
— [ -1+ X @22y
—m—1+0)@2 N N2 —m D)+ A" —ag
=@+ A)" [(m—1+u)(y2+>\2)+>\(2—m+7)} ~ ag
> (2 + )" W = 1+ ) + A2 —m + 7)) — ag
>AM m =14+ A" 2=m+7)—ag>0

by virtue of (7.4.13) and m > 2. Thus, it is proved that /' (w) < 0, w € (—wp/2,0)U
(0,wn/2). Therefore y(w) decreases on the interval (—wp/2,0) U (0,wo/2). Hence it
follows that

y O <y @<y (=5)we|=50);

w w
y+(0) Z y+(w) Z y+ ( 20) y wE [07 20:|
and therefore 9(w) # 0, Vw € [—wp/2,wp/2]. By the continuity, it means that

function ¢ (w) retains its sign on the interval (—w/2, wo/2) and, by (7.5.1), ¥ (w) >
0 in [~wo/2,wo/2]. Finally, by Lemma 7.4, ¢/ (w) < 0 in (—wo/2,wo/2). O

(7.5.3)

Now we can estimate t(w) from below.

Lemma 7.17. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary prob-
lem (StL) and m > 2. Then

Pe(w) > exp (—“;0 : (Zi) mll) . (7.5.4)

Proof. First of all, by the definition of y(w), we have

0
v =ew | = [y @) we (=.0);
S (7.5.5)
vr@) =ep | [y, ) we (0.5).

0

By the boundary condition of (7.5.2), we have

m—2
el ()] (2 () ) e (55T =
s Yt 9 Y3 9 + > Y+ 9

1
wo Y=\
+ )‘ < .
‘yi( 2 - (a:t)
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Hence, again by the boundary conditions according to v+ > 0, it follows that

1 1
,y+ m—1 (wo) ( wo) ,y_ m—1
— < 0 d 0 — < 7.5.6
<a+) =S¥+ < an <y_ 9 )=\, , ( )

or, by virtue of the decrease of y(w),

1

ros () el () ee ]

(7.5.7)
From (7.5.5)—(7.5.7) the required (7.5.4) follows. O

m—1

By integrating (7.5.2) with regard to a = ag , a0 = aos ™, uo= U,
A= ’g\, y(w) = ¥“) . we find that the eigenvalue A satisfies the system

s
m—2

ar (N +y3(wo/2) * - y+(wo/2) = —7+,

m—2

a- (N +y2(~wo/2)) > -y-(~wo/2) =,

" [m =192+ 7] (g + X3) " dy _w
b2 (m =1+ a+ (g2 + 025 +A2 —mA )2 +22) " —ag 7
—(—wo/2 2 2 2 oy M4
y—(—wo/2) [(m—l)y +)\](y +2A%) 2 dy . o
b0 (m=14g+u)E2+ )5 4A2—m+7) 2+ 22" —ay

m—2 m—2

ar (M +53(0) 2 -y (0) —a- (N +42(0)) * -y_(0) =5,

A g +m—14p) + A" 12 —m+7) > ao,

(A)
Wherea:l:>OaQZ07T2m_2aaOZOalJJ>,U‘0aO<ﬂ<BO7O<rY:‘:<7:t(:|:w20)
(see (7.3.1)) and er # . We may integrate system (A) for m =2 or ag = 0. In
fact, by integrating of this system we obtain the following.

m =2

Let us define the value 7" = \/ A2 4T iq_fil Then A is the least positive root of the

transcendental equation

arTtan ((1+q+ p)TP) — v+ aTtan (1 +q+ 7)) —v- B8

a +a— ="
+mrl“rwtaun((l+q+u)1f°;.°) a_T +~-_tan ((1+q+p)T) ( r |
7.5.8
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Then according to (7.3.2) and (StL) we find the corresponding solution of problem
(MV P):

o (), we oy,

cosl+atn <(1+q+#)T 3 —arctan( T ajrr ) >

) (7.5.9)
cos1+a+u <(1+q+M)T(‘”+ s )_amtan( . ) >

— 0]
Cosl+;+u<(1+q+u)y‘“’20 —arCtan(%.Z:) , weE [ 2 ]

The principal part in the (M'V P) equation for m = 2 is weak nonlinear. Therefore
we have obtained the precise exponent A of the solution decreasing rate. This fact
is completely compatible with the results of Section 5.

apg = 0
Let us define the value
9 _
A= g TF2mmA (7.5.10)
m—1+q+p

Then our system (A) takes the form
m—2

ay (N +9y3(wo/2) * -yr(wo/2) = =4,

m—2

a- (N +y2(~wo/2)) > -y-(~wo/2) = -,

A (arctan y+)fO) — arctan ‘7”(“;\0/2) ) —|—f (arctan ‘7”/50) — arctan y+(7\°/2)) =,

A (arctan y,io) — arctan y’(_;"’/z) ) + f (arctan y,[fo) — arctan y’(_[‘\‘"’/z))

wo
2

m—2 m—2

ar (M +953(0) 2 -y (0) —a_ (N +42(0)) 2 -y_(0) =5,

_ 2-m _ m—1 _ . 2-m
A= 2—m+1’ B = m—14+q+p A 2—m+1°

(Ao
If m = 2, then (7.5.8) follows for ag = 0.

Lemma 7.18. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary prob-
lem (StL) and m > 2. Then

+m-—1 wy

v s {TTT TS

A-tan<(m—1+q+u)A“;°>}. (7.5.11)
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Proof. Because m > 2, ag > 0 and (7.5.10) from system (A) it follows that

y+(0)
wo dy
>
2 = m—=14+qg+p) (> +X)+AX2-—m+7)
Y+(wo/2)
y+(0)
1 dy

m—1+q+pu y? + A2

Y+ (wo/2)
y+(0) y+(wo/2)
= t - t
(m—1+4q+mA (arcan A arctan “" "
1 y+(0)
> t ; 7.5.12
_(m_1+q+M)Aarcan N ( )
y—(—wo/2)
wo dy
2 m—=14+qg+p)W?>+X)+AX2-m+7)
y—(0)

1

\%

y—(—wo/2)
1 dy
m—1+q+p y? + A2
y—(0)

_ 1 Y- (~wo/2) y—(0)
= (m C14q+ N)A (arctan A arctan A

> — ! arctan y_(O).
T (m—=14+qg+pA A

Hence we get
y+(0) < Atan<(m —1+g¢q —|—,u)Aa;0> ;
y—(0) > —Atan<(m —14+q+ u)Au;0> . (7.5.13)

Now, from (7.5.5), (7.5.3) and (7.5.13) we derive the required (7.5.11). O

From Lemmas 7.17 and 7.18 follows

Corollary 7.19. Let ¥(w) be an eigenfunction of the Sturm-Liowville boundary
problem (StL) and m > 2. Then

exp (—C;O : (Zi) mll) < Pa(w)

-1
Sexp{q_:nnzl .C;OA.tan<(m—1—|-q+,u)Aw0>}:\Ilo.
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Further, we can estimate ¢, (w).

Lemma 7.20. Let ¥(w) be an eigenfunction of the Sturm-Liouville boundary prob-
lem (StL) and m > 2. Then

qg+m—1 wo ,
—arm A-tan<(m—1+q+u)A2>\p0g¢,(w)
g+m—1 [y | wo
< _ .
- m-1 (a_> Yo, we[ 2’0}’
g+m—1 (4 e ’
— Uy <
m—1 <a+> 0_77[}4-(”)
qg+m—1 wo wol
< 1 A~tan<(m—1+q+u)A2>\Ilo, w6[0,2},
@) g+ em =3+ N +@—mtn), we (=5,
Proof. In fact, because ¥’ (w) = y(w)¥(w), ¥(w) > 0 and (7.5.3) we have
qg+m—1 , wo wo
< < — _ .
T @) <@ <y (<)) v, we|=70);
wo , qg+m—1 wo
ve ()@ <@ < T g 0w, we 0,7,

Next we use inequalities (7.5.6), (7.5.13) and Corollary 7.19. For the estimating
of | (w)| we refer to the proof of Lemma 7.12. Thus, we obtain the required
statements. 0

Remark 6. The eigenfunction existence. By the proof of Lemma 7.16, we must
integrate the equation in (7.5.2). As a result, according to (7.3.3) we get

#(o) = exp  fue)ie)

v(0) [(m = 1)y? + X2] (3% +22) "= " dy
yw)y M =14q+p)H2+ A% + A2 —m+7)(y2 +1?)

m—2 = w,
2 _

ao

where X is the solution of (A).

7.5.2 Estimates of the (T'DQL) solution modulus

Now we can estimate |u(x)| for the problem (T'DQL) in a neighborhood of the
edge.

Theorem 7.21. Let u be a weak solution of the problem (TDQL) with ~ (:I: “‘g’) >
v+ >0 and Zi # 1~ . Let us assume that My = max |u(z)| is known. Let assump-
- e

tions 1)-10) with m > 2 be satisfied and \ be the least positive number satisfying
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the system (A). Then there exist d € (0,1) and a constant Cy > 0 independent of
u such that
lu(z)| < Cor*, Ve GE. (7.5.14)

Proof. At first, we perform the function change (6.1.1) and will consider the func-
tion v(x). For the proof we use the above constructed barrier function z(x) (as
a solution of problem (MV P)) and apply the comparison principle to v(z) and

z(z). Taking into account (ﬁ)loc we define the operator

Q(v,n) = /<a.,4i(x, Ve )N, + aB(x,v, v, )1 + aagC(z,v)n — af(x)n(x)>dx

G§
+/v(w)TT_mHv\v\m_zn(x)ds—l—BO/rT_mHv\v\m_zn(x)ds (7.5.15)
rd d
—/aAi(x,vw)cos(r, xi)n(z)dQ, — /g(x,v)n(x)ds —/H(x,v)n(x)ds.
Qq rd »d

We will show that Q(Az,7) > 0 = Q(v,n) for all non-negative n € C°(GZ) N
N o (G3) and some A > 0. By definition (7.5.15) and integrating by parts in

m,0,T
the first integral, we have:

Q(Az,n)

= /<_ad,4i(z;4Vz) +aB(x, Az, AVz) + agaC(z, Az) — af($)>7l(x)dx
e '

+ /<a./4i(x, AV2)n; + A™ Ly (w)rmT T |22 — Q(I,Az)>n(x)ds
Ta
+ /< [aA!(z, AV2)n;] + Bo A" rT =M |22 — H(x,Az)>n(x)ds

=
or, by virtue of z(x) is a solution of problem (MV P),
Q(Az,n) = /a _d Al(z, AV2) — (Ag)™ 1T |V 2|2 — f(z)
’ o dl‘l ’ 8:17,

Gg
+ (B(z, Az, AVz) + Am_lgmurfz_1|Vz\m>

+ ag (C(z, Az) — Am_lrf_mzzm_2>}77(x)dx (7.5.16)



7.5. The case ;’1 # - 205
+/{a<Ai(x,AVz) (Aq)™ 1rT |V 2™~ 29 >nz
Trd
T (1) = ) AP T2 Gl 42) }n
+/<{a <.Ai(9c,AVz) (AQ)™ LT |V 2™ 29 >nz]
D
+ (Bo — BYA™ T T g H(vaZ)>77($)d5-

Now we estimate all terms in (7.5.16). We note that z(z) > 0, by Lemma 7.17.
Because of (7.4.37) and our assumptions, we derive:

£ (A, 492) = (a0 wafn
< (As)™ L A(r) (TT_1|Vz\m_1 + 1"T|Vz\m_2\D2z|);

o B(x, Az, AV2) + A™ =L urT 27 YV 2™ > (1 — po)s(Ag)™ e 2= V2™ > 0,
since > po;

o C(x,Az) — Am=LpT=mz|2|m=2 > 0;
. ‘<Ai(gc,AVz) (Ag)m=1pT|Vz|m—2 w>

e by (7.4.39) and assumptions 8)’, 10)

< (Ag)™ LA V2T

)

T—m~+1+(g+m—1)X,

)

0)
“H(w, Az) = ~h(2,0) > —hyy" D,
—f(z) 2 — fupT O

> —gir

Further, by (7.3.3), Corollary 7.19 and Lemma 7.20, similarly (7.4.35) we obtain
2(x) = r'p(w) = PYor* < z(x) < Tor?;

2
|Vz|? = zf —|—7‘_2zi = r2>‘_2(1//2 + A ) =

\VA N
’ * > ATl Ve < Oy L

|D22] < e(A) (19| + [/ + []) - 1272 = |D22| < Cor* 2, (7.5.17)

where 9y = exp (—“70), 70 = max (Z: ; Zi) and Cp, Co are some positive con-

stants. Therefore from (7.5.16) according to the above inequalities it follows that

Q(Az,n) > /a{(u — 110)s(Ae)™ 1Tz V2™ — (A)™ L A(r)rT T V2™

Gg
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- (A9 AV D] = fur O L)

4 /{(,y(w) _ '7) Am—l,,;r—m+1zm—1 _ a(Ag)m_lA(T)TT‘VZ|m_1

Td

_ ngT—m+1+>\(m—1) }n(x)ds

=+ /{(50 _ 6)Am—1r‘r—m+1zm—1 _ a(A§)m_1.A(T)’I’T|VZ‘m_1

=5

— T HIAM L) }n(w)ds (7.5.18)

G
+/TT""““(’”‘”{(A¢o)m‘1<(7(w) ) = C1A(d)) - gl}n(x)ds
i
+ {(A7//0)m_1<(ﬁ0 ~ )~ CsAd)) - hl} [ Dy,
%

Now, we take into consideration that u > ug, 8 < Bo, v < 7 (:I:‘”;) (see (7.3.1))
and we can choose d > 0 so small that, by the continuity of A(r) at zero,

= (=)= (%) -7 Bo-8
A(d)émm{ 2 20, e, G oacs ([ (7.5.19)

Therefore from (7.5.18)—(7.5.19) we get

Q(AZ,U) > <>\(A)\1/)0)m_1'u _2:U'0 _ f1> . /arr—m+k(m—1)n(x)dx

Gg

N /rT-m+1+A(m—1)<(A¢0)m—17(w)2_ T 91>n($)d8

Td

+ <(Aw0)m—1 ﬂO 2_ ﬂ _ h1> -/TT_m+1+>\(m_1)17(1‘)d5. (7520)

=

If we choose A > 0 sufficiently large, namely
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1 1 2 )mll ( 21 )mll
A> max m s )
~ o {Aml <N—M0 Y(—w/2) =~

<v(w?g)1—v> *”1“7 (B:Tﬂyll } (r521)

then we provide the required inequality Q(Az,n) > 0 = Q(v,n).
Now, by the continuity of v(z), we have

v(x) o

< Mol/c = max |v(x)|.
G

d

On the other hand, by virtue of Lemma 7.17 according to (7.5.17),

Az

o= Ady > My'* > v
d

d

-1
provided that A > 0 is chosen sufficiently large, namely A > (d)‘wo) . Mé /s,

Thus from above we get

Q(Az,n) > Q(v,n), VYne CY'GEH NN, o, (GY);

Az >w
Qa

Q'

Besides that, one can readily verify that all conditions of the comparison principle
(Proposition 7.3) are fulfilled. By this principle we get

v(z) < Az(r,w), Vr e GE.
Similarly one can prove that
v(x) > —Az(r,w), Vze GE.
Thus, finally, we obtain
lv| < Az(r,w) < cor?, Va € GY; co = AUy, (7.5.22)

by (7.5.17). On returning to the old variables, by virtue of (6.1.1), we get the
required estimate (7.5.14). O
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